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0.  Introduction 


consider  a  first  order  system  of  partial  differential  equations 


Luix.t)  =  +  A +  l  B  =  F(x,t) 

3t  Dx2  j  3x 


with  constant  coefficients.  Here  u!x,t)  =  (u  (x,t),. 


,u^n\x,t) ) '  is  a 


•  •  .  r  function  of  the  i-imI  .i  >• .  ■<  hi  e.  (x,tj  =  (  x.  ,  - . .  *xjI,»t )  anti  A,R.  are 
■  ■  '.an'  square  matrices  rder  n.  We  assume  that  (0.1)  is  strictly  hyper- 


for  ail  real  ui 


ui  =  igj. ,...,o)  )  with  luii  4  0.  the 
-2  m 


L.uef  of  the  matrix  iAoi^  +  iB\ui  I,  Bin  )  =  f  are  imaginary  and 

at  met.  We  assume  that  A  is  singular  and  has  the  form 


1 

i 

'  o  o' 

a2  0 

V+J.  °’ 

rt  — 

0  A  0 

1 0  0  A,, 

,  where  a  = 

°  V 

°  ,  AH  = 

0  a 

•  n; 

.  Uj  * ) 

The  •  ector  u(x,t)  is  then  partitioned  as  u  :  <  q  ,  iij ,  u^)' 

We  don't-  by  R  the  half  space  :  x  ;C,  ~"-x.  »»  .  j  =  2,3, . . .  ,ir  ,  by  R_ 

the  in-  dimensional  real  space  of  the  -,ect:rs  x  *  vx^,...,x  )  and  by  R  the 

:uii'  ..me-  t  i0 . 

We  study  the  mixed  initial  boundary  value  probiem 

■  A)  Lu  =  F’  in  ilQ  •  h 

f-2)  l,B)  u(x,0)  -  tdx)  in  Pq 

■+ 

(C)  out 0,x  ,t  )  =  gix  i  in  H  «R  . 
he  boundary  operator  f,  ia.  a  constant  i  k-i  i  -n  matrix  such  that 

*  i 

:b'-e  and  henceforth  we  use  the  transpositi  >n  symbol  '  in  the  following  sense: 
if  A,H,C,...  are  vectors  or  matrices  then  i A ,R,C , . . . ) '  replaces  the  usual 


(0.3) 

For  a  domain  G  define 


-  2  - 

S(Ker  A)  =  0  . 


-nt  /2 

=  |i  e  •  u  || 


Lp(G)  . 


t'or.sider  the  problem  (0.2;  with  f  =  0.  The  main  objective  in  study  of  this 
problem  is  to  prove  that  under  the  uniform  Kreiss  condition  the  a  priori 
estimate 

(O.h)  n  iiu(x,t)ii2  +  +:iau(o,x  ,tj  ii2  + 

n,R0*R  ~  n,R_*R 

*  K(||  g(x_,tj|  2  +  +  n,R  *R+) 

n,R  *R 

holds  for  any  n>0. 

Throughout  this  paper  we  denote  by  K  as  well  as  by  6  different  positive 
constants.  The  above  problem  was  completely  investigated  by  Majda  and  Osher 
in  [l].  Our  work  consists  of  two  parts.  In  Part  I  we  use  some  concepts  from 
the  theory  of  A-matrices  partially  introduced  by  Gochberg  and  Rodman  in  [u] 
to  reprove  the  above  estimate.  The  methods  of  A-matrices  theory  enable  us  to 
simplify  the  proof  and  to  remove  some  of  the  assumption  in  [l]. 

In  Part  II  the  same  methods  are  used  in  investigation  of  stability  of 
so-called  Burstein  difference  approximation  applied  to  the  problem  (0.2). 

We  restrict  ourselves  to  the  two  space-dimensional  case  and  additional  assump¬ 
tion  that  the  determinant  |  Aui^+BuOg  |  is  identically  zero  for  any  io  and 
This  and  other  technical  assumptions  of  this  work  are  satisfied,  for  example, 
in  the  case  of  the  acoustic  equations.  It  should  be  noted  that  Gustafsson, 
Kreiss  and  Sundstrom  developed  in  [l]  a  stability  theory  of  general  difference 
approximations  for  initial  boundary  value  problems  in  the  case  of  one-space 
dimension  and  non-characteristic  boundary.  As  far  as  we  know,  there  is  no  such 
theory  for  several  dimensional  case  even  for  non-characteristic  boundary. 

There  are  two  main  difficulties  in  our  investigation.  The  first  one  consists  of 
searching  for  the  block  structure  of  some  A-matrix  depending  on  parameters, 
near-  a  point  where  this  matrix  is  non-regular.  Guch  situation  occurs  because 
the  boundary  is  characteristic.  The  second  one  is  construction  of  the  Kreiss 


« 


symmetrizer  for  a  block  which  is  a  perturbation  of  a  single  Jordan  ceil.  For 
a  general  differential  case  such  a  symmetrizer  was  built  by  Kreiss  in  [2].  But 
for  difference  approximations  this  problem  was  resolved  in  [3]  only  in  the  one 
dimensional  case  for  strictly  nondissipati ve  schemes.  However,  when  the  several 
dimensional  case  is  considered,  such  a  problem  arises  aj.so  for  dissipative 
schemes.  Being  concerned  with  specific  difference  approximation  we  are  able  to 
provide  a  detailed  analysis  of  stability.  But  the  same  methods  may  be  applied 
to  other  difference  approximations,  the  amplification  matrix  of  which  is  a  poly¬ 
nomial  of  some  linear  combination  of  the  matrices  A  and  B  from  (0.1). 

J 


4 


Part  I.  Differential  Equation 

1.  Definitions,  Assumptions,  Statements  of  Results. 

'<;’t  us  apply  to  the  problem  i  0.2)  with  f  =  0  a  Fourier  transform  in  x  with  dua^ 
.■  €R  and  Laplace  t -ansiorni  in  t  with  dual  var*  able  s  =  £,+  in  , 
n  0  ar:.d  -  5  <  *  Donate  the  transforms  of  u  and  F  by  u  and  F.  Then 
p'Ob.em  (02)  is  converted  t .. 

(A)  '  (  — —  ,  x  ;  --  t ..  L*A~-  +  iB(,u  ))u-x.  )  Fix.) 

a:il  ~  dxl 

{ B  )  du ( 0 )  =  g . 


10. U)  is  e.y...  -..ent  to  an  estimate 


net  ■ 


;( 0  !  |  ‘ 


^  i  el 


2  HfU.)Ir  + 

Res 


r,yy  -eal  o  in-:  w.  th  fies'O. 

or  ■■  r : ty  of  r.-.t  ;t  .  •.  w-  •••=*-.  v-»  the  symbol  from  L,u  and  g  and  replace 

+ 

by  ..  -it:  X  ty  ■  x.:  t  •  he  symbol  n  in  the  notion  of  the  norm 

ith  the  :  i :  ferent  ia.  ,  i,  !  is  connected  a  a -matrix  L(\,jj,si  = 

B'  J  .  Its  -h  .  .  ■  ■  *  i  •  pc  :>r.om:ai  has  the  forr. 


wi  th 


>  =  l  r>tib  j  (  uj )  1  |A.  |  |  A j  . 


«  b  ,  (w)  is  a  left  upper  e'ement  Ptui)  and  is  a  linear  function  of  j>. 

L  1 

t  lows  from  strict  hyperb.  1 i.  ity  that  t  er  real  s  and  a  and  imaginary  u> 
die  determinant  j  Li  a  ,  n , ■)  |  >  ea  Therefore  also  b  ,  i  .»>)  is  real  for  rea  ;  >\ 

Without  loss  of  generality,  we  nay  assume  that  bid)  =  0  (one  should  rep. ace 
the  parameter  s  by  r  =  r  •  .'o  ^lui) )  For  s  =  0  the  highest  tern,  in  l  1.3) 
aaishev.  We  consider  two  cases: 

•"  t--e  i  :  the  polynomial  jlc  >  ,  ,>,0  )  |  van ;  she.-,  for  any  \  and  uj. 


i 


\ 


4 


1'hi.r.  in  ties j punted  in  ['■  ]  the  ease  of  bounded  eignevalues. 

2n.se  2:  the  polynomial  |  Lt  >  ,u>,0 )  |  does  not  vanish  identically  according  to 
\  for  any  value  of  -.u£r<n  ,  tu  -  0. 


‘  :>«?  on 


tse  of  unbounded  eitreRva.ues  described  in  [.]. 


!.<*-.  \U-  0 

>'iio  j  der 

:  n .-.  t  i  m  .1 

i  j  the 

•t  1  0.1  :  .  : 

from 

s  t  r  Lc  l 

ptM  l.s 

eiu-'  i  or.  a 

:  ‘  1  in 

:ir .;.  in :  ;• 

.W.ur.p"  : 

..  ii  »  •  . 

dan  KY. 

f  \  A  A 

M  +  It 

i  4  0. 

i'enm  e  b 

•  V“*! 

=  2p  Ke 

r- 

A£C 

A  \+:l  j.2 

:  or  f 

ixed  u 

an  i 

We  make 

the  sec 

end 

Assumption  1.2. 

dim  V 

0 

;  ^  -  J 

,  u’  !  — 

rbo  -  !  y  •  hat  the  kerne i  .  ;  1  !  'A  >.■'  is  >nt'  j: 

:ke  trie  f .  •  : 

+  :P-.  j  • 1  for  any  :  .imp'.  ox  •  ana  comp.ex  . 

.2;  -  the  space  generated  by  the  kernels  if 
1  .  o  .tip  lex  . 


Under  ar.s\a*ption  i.J  we  prove  in  ouboection  \  ?  the  following  important 

**- J>U  '..r-  s  *"  ‘.ft  the. *6  \  *  ,  l  .  ;  f  f'or  S  ‘‘C  l  .  y  =  p  r  hOft  ■ 

boundary  condition  11..’'  IP'  such  that  the  problem  is  properly  rosed,  i.e. 
o.  b.i'aff  i, '  .2)  hc.'.ds,  *her  '.he  matrices  A  and  sa*  isfy  the  assuitpt 

1.2.  .  '.lor  _ ,  2  is  ne*  ess  ary  for  the  ve.  . -posedr.es.-  of  the  :  *  . 

.  .  Si>ve  for  symmetric  systems  suo.h  boundary  o  r  ..tion  exis'S,  for  ou.h 
oystortf  is  r  tunpt  i  :n  1  2  :s  a.  ready  satisfied. 

I  or  the  v  rise  n  =  f,  it  may  be  easl-l.v  verified  that  if  A  mi  h,fi  no  we.,  a 
A*  and  js}  h.i  .e  no-  ■  or.m.t:  kerne ;  for  any  comp  lex  o  *  0,  on-amp- 

t.onr  : .  l  and  1.2  are  fulfilled. 

:  t  may  be  also  proved,  i  hat  if  A  und  B.uj  r  *  for  tea.  o  *  1'  are  symmetric  an 

have  cummin  kernel,  then  a..- o-uript  . -o;  1.1  is  net  true  i  for  the  same  ,4)  .  do 

'  n.Vov;  ••  ’  hat  4  iv  con  .-or  a'  .  0.  a  i  true,  :.e  if  A  are;  1-  are  symmet  n  ; 

.1 

atri  lor  any  real  a  -  0  the  ntr;  r«v  A  jtr.d  Pi  a> '  have  no  co-n.mr-n  kernel,  th 
*.o.  no  (■<  .-  n  1  . 1  i  s  true. 

in  me  second  rare  no  ^dditlena,  assumption  is  required, 
et  'if.  re-  ‘•o  the  p*v  I- em  1  1  . '  J  in  the  general  case  of  bounded  or-  ’.mb  untied 
ciomoio  k\  .  lot  ;  i  tt>-  f.']  we  define  ip£!.,(.R  a.;  m  oi  genfun-..  t ;  >n  'f  the 


e  met.  O'.  :  'H'.  .  !•  o  ;  ;  ow  i  it! 


-4  _  r  --  **t**~r.>w*  gbt#  CW 


It  may  be  shown  as  in  [2]  that  for  Res>0  the  characteristic  equation 

li.6)  |L( A,w,s) |  =  0  I 

i 

1 

has  precisely  £-1  eigenvalues  A  with  P.eA  <  0  and  r.-l  ones  with  Re.r'-G 

Although  the  matrix  A  is  singular,  the  determinant  |  L(  •.  ,u>,s  J  j  does  not 

vanish  for  all  A  if  s  =  0.  Therefore  if  Res>0,  we  may  apply  to  the  equation 

(1.4)  the  elementary  theory  of  ordinary  linear  differential  equations.  Thus,  < 

equation  (l.M  has  exactly  2.-1  linearly  independent  solutions 

■l.T)  (Pi(x,u,s)  ,  cp2'  x,io,s) , .  .  .  ,<pj,_1(x,w,s)  in  L?10;x<“). 

Let  these  solutions  be  ortnonormal ized  at  x  =  0.  Denote  1 

'-.6;  Nva),3i  =  S  [tPp  ,tp2 , .  .  • 

Then  the  uniform  Kreiss  condition  (UKC)  is  stated: 

i L?KC )  There  exists  a  constant  6  -  0  such  that  |N(u),s)|  .6  for  any  VJj,s?  with 
Res  '0 . 

Given  a  vector  <p  =  (tpl  1  ^  ,ipl  2  ^  , .  . .  ,ip' n  ^  )  we  define  ip  =  up' 2  \ip^  }  ,  .  .  .  ,ipl  n ;  . 

:,vom  <0.3i  follows  that  Sip  actually  depends  on  ip.  Grthcnormaiizing  the  •eo- 

to’o  ip.(0,£)  instead  of  ip.iO,^)  we  define 
J  J 

.» 

L-9)  S(w’s)  =  • 


Then  the  modified  uniform  Kreiss  condition,  denoted  as  { UKC  ■  ,  is  formulated: 


There  exists  a  constant  S--0  such  that  |fj(n),s)|  >  6  for  any  (uj,sj  with 


Res  '0. 


Majda  and  Osher  in  [l]  used  the  condition  (UKC)  and  called  it  a 
Kreiss  condition. 

Let  us  denote  r.  =  (w,s),  0)'  =  u)/  I  A  |  ,s  1  -  s/  |  A  |  ,  -  (o)',r, '). 

T,et  I 

(1.10)  ^(Cq)  =  { C|)  C  '-Cq  I  <c  and  w'  real} 


uniform 


be  a  conical  neighbourhood  of  the  point  =  (coq,Sq)  with  real  uJq  .  It  wixi 

be  shown  in  Section  R  for  the  case  of  bounded  eigenvalues  that  for  any 

'  with  Re s q  >  0  including  s^  =  0  there  is  some  neighbourhood  fUc^)  such 

that  the  solutions  in  (1.7)  are  defined  for  any  q£&(Zq)  with  Res>0  and  the 

vectors  ip  (0,c)  depen  on  c, '  only,  are  continuous  functions  of  at  the 

J 

point  and  are  independent  at  this  point.  Moreover,  the  shortened  vec¬ 

tors  tp.(C,£')  are  also  independent.  Therefore  the  determinants  |N(^)|  and 
J  o 

|NU)  |  depend  actually  on  c '  and  are  continuous  at  the  point  Cq- 

For  a  fixed  sQ  with  ResQ>0  is  an  eigenvalue  of  the  problem  (l.i)  iff 


At-  in  [i]  we  define  s with  Res  =0  as  a  generalized  eigenvalue  iff  ( j. .  1 .  ; 

0 

holds  for  some  point  and  |  Cq  |  ¥  0. 

’n  the  case  of  bounded  eigenvalues  we  may  replace  the  matrix  U(C)  by  N V  c 
in  the  definition  of  the  eigenvalues  and  generalized  eigenvalues.  The  conditions 
■  ’! K'.:'  and  (UKC)  are  therefore  equivalent  and  may  be  formulated: 

! 1.12)  The  problem  (1.1)  has  no  eigenvalues  or  generalized  eigenvalues  s  with  Res 


Ur fortunately,  in  the  case  of  unbounded  eigenvalues  the  above  conditions  are  not 


equivalent.  For  the  vectors  ip  (0,^'  )  are,  generally  speak -ng ,  ..-t 

continuous  at  the  point  r,Q.  However,  we  shall  see  in  flection  U  that  the 

shortened  vectors  <p  (0,q')  are  still  continuous.  Therefore  it  is  possible  to 

J  _ 

define  the  generalized  eigenvalues  by  using  (l.ll),  and  (UKC)  may  be  formulated 
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as  in  (1.12).  The  main  result  of  this  work  is 

Theorem  1.  The  condition  (UKC )  is_  necessary  and  sufficient  for  the  estimate 
'1.2)  to  hoJ  d . 


Thus  we  extend  theorem  1  in  [ 1 ]  also  to  non-symmetric  systems  at  least  in 
the  case  of  a  half-space  and  constant  coefficients.  For  the  case  of  unbounded 
eigenvalues  assumption  1.6  in  [1]  may  be  dismissed  and  for  bounded  eigen¬ 
values  assumption  1.10  in  [l]  about  singular  block  structure  is  replaced 
by  the  natural  assumption  1.1  and  additional  necessary  assumption  1.2  for  non- 
symmetric  systems. 

in  [l]  there  is  given  also  a  counter-example  (Bl,  p.  631)  of  a  problem  (0.2) 
with  non-symmetric  matrices  A  and  B  such  that  (UKC)  is  satisfied,  but 
estimate  (0.4)  is  false.  This  is  the  case  of  bounded  eigenvalues,  but  the 
condition  (UKC)  is  not  fulfilled.  The  reason  of  this  seeming  contradiction  lies 
in  the  fact  that  the  matrices  A  and  B  have  common  kernel  and  do  not  satis¬ 
fy  the  assumption  1.2. 

We  summarize  now  the  contents  of  this  part,  it  consists  of  four  sections. 

In  Section  2  we  introduce  some  concepts  from  the  theory  of  A-matrices  and  proe 
some  lemmas  which  are  useful  also  in  the  Part  II. 

in  Section  3  the  case  of  bounded  eigenvalues  is  investigated  and  in  the  same 
time  the  above  mentioned  theorem  3.5  is  proved. 

in  Section  4  we  finally  consider  the  easiest  case  of  unbounded  eigenvalues. 


/ 


2.1.  Generalized  eigenvectors,  spectral  pairs  and  invariant  subspaces. 

Let  L(A)  be  a  square  matrix  of  order  n  with  entries,  which  are  holomorphi 
functions  of  A  in  a  domain  ficC .  Such  matrix  is  also  called  a  A-matrix.  The 
point  Ag£2  is  an  eigenvalue  of  L(A)  if  |L(Aq)|  =  0.  The  set  of  all  eigenvalues 
of  L(A)  is  called  the  spectrum  of  L ( A )  and  denoted  by  o(L).  The  matrix  L(A) 
is  regular  if  |l(A)|  f  0.  Then  for  any  compact  Dcil  the  set  a(L)fD  is  finite. 

We  say  that  L(A)  is  singular  of  order  one  if  |L(A)|  =  0  and  rank  L(A)  =  n-1 
for  some  A£ft.  The  points  A£s2,  where  the  rank  L(A)  <  n-1,  form  so  called  dis¬ 
crete  spectrum  of  L(A),  which  is  denoted  by  o^(L).  It  is  obvious  that  for 
any  Deft  the  set  ad(L)HD  is  finite. 

Let  AQ€a(l,).  There  exists  holomorphic  vector  function  cp(A)  with  4>Uq)  ?  0 
such  that  the  function  L(  A )tp(  A )  vanishes  at  the  point  AQ.  Following  Goc'nberg 
and  Rodman  in  [U]  we  call  ip(  A }  a  root  function  corresponding  to  AQ.  The  order 
of  An  as  a  sere  of  L(A)u>(A)  in  called  the  multiplicity  cl'  <o(  A )  and  the  vector 

=  rp(Ag)  -  an  eigenvecter  of  L(A)  corresponding  to  AQ.  If  ip(A)  is  a  root 
function  of  L(A)  of  multiplicity  q  corresponding  to  A^  and 

ip(A)  =  l  cp(j)(A-A  )° 

J=0 

then  the  chain  of  vectors  ^  ^  ^ , . . .  ^  is  a  Jordan  chain  of  L(A)  cor¬ 
responding  to  the  eigenvalue  AQ,  and  the  vectors  ip^ 1  ^ , . . .  ^  are  called 

generalized  eigenvectors  corresponding  to  A0. 

A  root  function  t?Q( A )  is  called  a  singular  root  function  of  a  singular  A-natn 
L(A)  if  L(A)<p  (A)  =  0.  The  vector  ipQ(A),  when  not  zero,  is  an  eigenvector  of 
L(A)  and  in  called  a  singular  eigenvector  of  L(A)  corresponding  to  A .  If  L( A ) 

•  a  si  :.gu:  f.r  of  order  1  to  any  AS  l  correspond  exactly  one  singular 
oigenvec tor.  Ail  eigenvector  corresponding  to  a  point  A^£Cj(L)  is  called  reg¬ 
ular  if  it  is  not  singular  for  the  same  A^.  Similarly,  a  root  function  <p( A ) 
corresponding  to  such  point  AQ  is  regular  if  the  eigenvector  4>(  AQ )  is  regular. 
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Let  ip^(  A )  be  a  root  function  of  L(A)  of  multiplicity  q  corresponding  to 
an  eigenvalue  AQ.  We  denote  by  X'1(  AQ)  =  (<p|° ^  jtpj1  \  .  . .  ,(gj  q~1  \  a  matrix 

formed  by  the  column-vectors  of  the  corresponding  Jordan  chain  and  by  ,1  (A  )  a 

1  C 

Jordan  cell  of  the  size  q  with  the  eigenvalue  AQ. 

If  (p^(  A )  ,<p0(  A ) , .  . .  ,ip^(  A )  are  some  root  functions  corresponding  to  A,^,  we  form 
a  matrix 

X(V  =  {W’  X2^o),"-’XkU0)) 

and  a  corresponding  Jordan  matrix 

J( Aq )  =  diag(J1(A0),J2(A0) . Jk(A0)), 

where  diag( J^ . . . ,J^)  denotes  the  square  block  diagonal  matrix  whose  mam 
diagonal  is  given  by  J^,J0,...,J  .  The  sequence  formed  by  the  column.:  of  XI  ‘  ' 

will  be  called  a  Jordan  sequence  corresponding  to  A^,  and  the  pair 

(x(  AQ),J(  Aq)  )  is  a  spectral  pair  corresponding  to  AQ.  In  this  work  we  outer, 
identify  a  matrix  X  with  the  sequence  or  even  the  set  of  its  column-vectors. 
Therefore  we  shall  call  also  the  matrix  X(aq)  a  Jordan  sequence.  The  space 

spanned  by  the  eigenvectors  ip|  ° ^  ( AQ)  ,4)^ ^ (  A^ ) , .  . .  ,tpk°^  ( A^ )  is  caiied  the 

e  men space  of  the  Jordan  sequence  X(Ap)  and  any  vector  belonging  t  )  this 

cpace  is  called  an  eigenvector  of  X(Aq).  If  the  dimension  of  the  above  eioen- 

nmce  is k  and  any  eigenvector  of  X ( A ^ )  is  not  singular,  then  the  sequence 

X(A  )  is  called  regular.  For  a  regular  matrix  L(A)  we  replace  the  singular 

eigenvector  in  the  above  definition  by  0.  ! f  A  , A, A.  are  different 

eigenvalues  of  L( A )  and  (X(A  )  ,J( A  ^ ) ) ,  itjst,  are  the  ci.  -  respond  i  ng  speoti u : 


pairs,  we  denote 


X  =  (X(A1),...,X(Xt)),  J  =  diag(JUl),...,.mt)). 

Then  the  matrix  X  is  cailed  a  Jordan  sequence  of  L(a)  ii.  i  i  and  the  pair  v  X ,J 
is  the  spectral  pair  of  L(.  A )  m  11.  The  Jordan  sequence  X  is  called  regular 
if  X(A^)  are  regular  for  all  ifjtt.  A  vector  is  called  an  eigenvector 

X  if  q/^  is  an  eigenvector  of  some  X(A^),  Ujit. 

Any  A-matrix  L(A)  is  equivalent  in  11  to  a  diagonal  matrix 


(2.1) 


S(A)L(A)R(A)  =  D(  A )  =  diag(d1(A),d2(A),.  ..  ,d  U),0,.  .  ,0) 


where  S(A),  R(\)  and  D(  >  ^  are  hulomorphic  m  12,  the  matrices  l-(A)  and  H(  A  ; 

are  invertible  and  d^+^{ xj/d^l a)  are  holomorphic  in  12  for  lii.s  (see  [b]  lot 
detail).  If  L(A)  is  regular,  s  =  n,  and  for  singular  A-matrix  of  order  one 
s  =  rr  1 ,  where  n  is  the  order  of  the  squure  matrix  L(A>.  Let  11^  be  a  bounded 
domain  with  H  <crJ2.  Denote  by  A  ,A  ,.,.,A  ail  the  different  re.  ts  <!  J  \  :r. 

U  '  c  t  ill 

(;  It  may  be  assumed  that  d  (A)  ha.,  the  form 

0  1 


(2.2) 


q  .  q  . , 

‘l  l  ,  .  .  Ic 


d.(A)  =  (A-A,  )  1  1  (  A  - A  0  J  lc...U-A  ) 


•ht 


.  1  .  ;•  . 


where  the  integers  q^j  form  for  each  lijit  a  non-decreasing  sequence.  f  • 

s 

is  regular,  the  number  q.  =  £  q.  .  is  u  multiplicity  of  the  eigenvalue  '  ,  at e. 

J  i=1 

is  equal  to  a  multiplicity  of  A  .  as  a  root  of  the  character  l  st.  ic  equal  :  >r. 

J 

j  L(  A  )  j  =  0.  Taking  qf(A)  equal  to  the  i-th  Column  R(  A  )  we  conclude  t.  hat 

ip .  ( A )  is  a  root  function  of  multiplicity  q  corresponding  to  eigenwt.  .e  >.  (  , 

ISjs-'t.  The  root  functions  cp.  (  *  )  ,tp_  f  A  ) , .  .  .  ,ip  (a)  generate  lor  an  eigenvalue  ■. 

ids 


«>!«—  ll«fc 
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a  spectral  pair  ( X(  A  ) ,J( Aj ) ) ,  which  is  called  a  canonical  spectral  pair  of 

L(A)  corresponding  to  A^  .  The  eigenvectors  of  X(A^)  are  linear  combination  of 

ip  (  A  ')  ,  (  X (A.)  -  columns  of  the  matrix  R  (  A  , ) .  If  L(A)  is  singular 

of  order  one,  the  last  column  of  H(A  )  is  a  singular  eigenvector  corresponding 

to  A  .  Since  the  columns  of  R ( A  )  are  independent,  -he  sequence  X ( A  )  corres- 
J  tj  tJ 

ponding  to  the  eigenvalue  A,  is  regular.  Collecting  all  the  pairs 
( Xi A  ,)  ,J ( A  ) ! ,  1  f  J  i  t,  we  get  the  canonical  spectral  pair  of  L( A )  in  ft  , 

J  J  ” 

which  is  denoted  by  (X 


,J  ).  The  sequence  X 
0  0  0 


Jordan  sequence  of  !,( A )  in  Si.  and 


is  called  also  a  canonical 
obviously  regular. 


Let  now  L(A)  =  £  A'  A,  be  a  mat  rix  polynomial,  where  are  nxri  matrices. 

,J=0 

We  consider  first  the  regular  case.  The  spectrum  o  ( I. )  in  C  is  finite.  Taking, 

a  bounded  domain  ft„  which  contains  the  spectrum  o(I.)  we  consider  a  canonical 
a 

spectral  pair  of  LlA)  in  ft  ,  w.hich  is  denot  ed  by  (X  )  and  is  called  the 
finite  canonical  spectral  pair  of  1,(A).  Cimilarly,  X^,  is  the  finite  canonical 
Jordan  sequence.  We  say  that  a  =  *  is  ur.  eigenvalue  of  L(  A)  of  mult  jj  J  icity 
;  if  a  =  ;>  is  an  eigenvalue  of  tie-  polynomial 


i  a 


=  a\(i. 


f  the  same  multiplicity.  Following  lohherg  and  Rodman  it.  [u]  we  den  t  e  by 

v  00  f 

1 X  ,J  )  a  canonical  spectral  pair  of  !.  >  < }  corresponding  to  A  =  0.  We 

call  !  X  ,J  )  a  canonical  spectra*  pair  if  L  a)  at.  infinity  and  X  a  canonical 
Jordan  sequence  of  L(A)  at  infinity.  Then  X  =  ( XV,X  '  is  called  a  canonical 
J  -rdan  sequence  of  1(a)  in  infinite  complex  plain  or  s.  imply  a  canonical  Jordan 
sequence  of  L(A),  and  'X,J',  wh#  r>-  J  =  d  iag( )  ,  is  a  canon  i  cal  s|edrai 
pa : r  of  L( A ) . 

Let  now  L(  A )  be  a  -ingular  matrix  polynomial  of  order  1.  Then  the  discrete- 
spectrum  a^(L)  of  I-(  A  )  in  C  is  finite.  The  point  A  =  <*> 


is  considered  as  a 
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point  of  discrete  spectrum  of  L(A)  if  A  =  0  belongs  to  o, 

d 

way  as  above  we  define  pairs  (Xj,,Jp),  (X^.J^)  and  (X,J). 


(  00  ) 

( Lv  ' ) .  In  the  same 
We  say  that  the  se- 


(oo) 

quence  X^is  regular  if  it  is  regular  with  respect  to  L  (A)  and  the  eigenvalue 
A  =  0.  Then  the  definition  of  regularity  may  be  extended  to  any  Jordan  sequence 
of  L(A)  in  the  infinite  complex  plane.  Obviously  the  canonical  Jordan  sequence 
X,  either  in  the  case  of  regular  L(A)  or  in  the  case  of  singular  L(A)  of  order 
one,  is  a  regular  Jordan  sequence.  If  L(A)  is  singular  of  order  one, ‘•he  adjoint 
matrix  adJL(A)  is  not  identically  zero.  Taking  ip^(A)  equal  to  some  non  zero 
column  of  adjL(A)  we  get  a  singular  root  function  of  L(A)  which  is  a  vector 
polynomial.  We  can  assume  that  ( A )  never  vanishes,  otherwise  the  vector 
tpQ(\)  may  be  reduced  by  a  common  polynomial  divisor.  Let  (pQ(A)  be  vector  poly¬ 
nomial  of  degree  q^.  For  any  A^  the  vectors 


*r<v-r<v- 


Ur 


-1) 


f '  ) ,  where  <p 


.( j 


<»0>  = 


j  ! 


:a) 


d  A1 


A=A, 


form  a  Jordan  chain  of  L(A)  corresponding  to  the  eigenvalue  A^.  For  A^  =  ® 

the  corresponding  chain  is  defined  a:;  \  0)  ,<nf^0  *"  "(0)  , . .  .  ,<p!^  (0)  and  is 

0  0  0 

(  0°) 

actually  a  Jordan  chain  of  L  (A)  correspond! ng  to  A  =  0.  The  above  chains 
are  called  singular  Jordan  chains  of  L  ( A )  corresponding  to  A  .  If  'J'q(A)  is 
another  singular  root  function  of  L(  A )  and  ^(A)  is  an  irreducible  vector  poly¬ 
nomial,  it  is  easy  to  show  that  i|i  ( A )  =  cip^(A)  where  c  /  0  is  a  constant. 

Let  Vq  be  a  space  spanned  by  ul  i  the  singular  eigenvector:',  of  L(A).  Then 
is  called  the  singular  eigenspace  of  !.(a).  finee  all  the  singular  eigen¬ 
vectors  of  L(A)  are  given  by  ( A ) ,  we  can  represent 


(2.3) 


(q„-i 


(V . % 


for  any  AQ€C. 


W  _ 
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Finally  we  consider  the  case  of  a  linear  A  -matrix,  i.e.  L(A)  =  A^A+Aq. 

If  a  matrix  X-^Aq)  is  formed  by  the  column-vectors  <p|0^  ‘ , . . .  ^  of  a 

Jordan  chain  of  L  ( A )  and  J^Aq)  is  the  corresponding  Jordan  cell,  we  may  write 

(2.U)  A1X1(A0)J1(A0)  +  A^CAq)  =  0  • 

Similarly,  if  (X^J-,)  is  some  finite  spectral  pair  of  L(A),  then 

(2.5)  AxXfJf  +  A0Xp  =  0  . 

Since  L^(A)  =  AL(l/A)  =  AQA  +  A^ ,  then  for  a  spectral  pair  (X^.J^)  of  L(A)  a 
infinity  we  have 


(2.6) 


A.  X  +A„XJ  =  0  . 
2.  oo  o  00  00 


Combining  (2.5)  and  (2.6)  we  get 


(2.7) 


L(A)(Xf,XJ  =  (A^.AqXJ 


A-Jf  0  ■ 

0  -AJ  +1- 


In  the  rest  of  this  subsection  I,(A),  if  not  mentioned  specially,  is  a  linear 
singular  A-matrix  of  order  one. 

The  next  two  lemmas  follow  from  the  canonical  form  of  a  singular  pencil 
of  matrices  described  in  [lo]. 

Lemma  2.1.  The  dimension  of  the  singular  eigenspace  Vq  of  L(A)  is  equal  to 
q^,  where  Qq-I  is  the  degree  of  the  irreducible  polynomial  singular  root  func¬ 
tion  4>0(  A) . 
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Proof :  Taking  A^  =  0  in  (2.3),  we  note  that  it  is  enough  to  prove  the  indep- 


( 0 )  ( 1 )  ^ ^ 
endence  of  the  vectors  <p  (0),ipn  (0 ip  (0).  Let  us  add  to  this  chain 


(V 


K0  '"'’’’’O  '-"•*-■■>^0 

the  vector  u  (0)  =  0  and  denote  by  Xq  the  matrix  formed  by  the  column-vectors 
of  the  extended  chain.  Similarly  to  (2.U)  we  have  Q  +  AQX0  =  0  where  JQ  is 

a  Jordan  cell  of  the  size  1q+1  with  eigenvalue  A  =  0.  Assume  that  the  vectors 


JJ), 


V1 


J  ( 0) } are  dependent.  Then. there  exists  some  vector 


_  ,  (o)  (1) 

u  =  (u  ,u  , 


,u(q),0,...,0)  with  u^^  /  0  and  qSq^-l 


such  that  Xnu  =  0.  Define  a  sequence  of  vectors  „  by  t|/ ^  =  Y  T<1_^ 


Obviously 


*<0)  ■ 


(0)  ^  0  and  ip 


(q) 


0 


=  XQu  =  0 


r0 


-  Vo  u- 


Defining  YQ(A)  =  f  A^  we  get 
J=0 


(VWoU)  =  l  (A1XnJn+AnXn)J^-JuA*J  +  A^'A 


J=0 


,q-J..J 
"ol'o'"o/'o'Jo 


(q),q+i 

iro 


o  . 


Therefore  ( A )  is  a  singular  root  function  of  L(A)  and  its  degree  is  less  than 
q»  i.e.  less  than  the  degree  of  ip^fA).  But  it  was  shown  that  'J'q(A)  should  be 
proport ional  to  <Py(A).  This  contradiction  proves  the  lemma. 

'’’orollary  2.1.  Let  A  ,A0,...,A  be  distinct  complex  numbers  (including  A  =  ») 


(  '  )  ^i-”1 

For  any  above  A^  let  us  define  a  singular  Jordan  chain  (<p^  (A.)}j_0  such 


t 

£  q.  *  q^.  Then  all  q^  r.uch  defined  vector:;  form  a  basis  of  the  space  V^. 
i  *  i 


thut 
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Proof :  The  vectors  (p^  (A^)  may  be  represented  as  a  linear  combination  of  the 

basis  {«pJJ)(0)}j°Q1  :  cp<J)(A.)  =  (^0)(0),...,»oq°  ^(O))^,  where 


_  1  dJ  .  q0  \ 

ciJ  ""  J!  d>J 


(i)  U0-J-D 

A=A.*  ^  \  =  “  then  <p0  (X.)=(P0  ( 


The  columns  form  a  square  qQxqQ  Vandermonde  type  matrix.  It  may  be  easily 
shown  that  such  a  matrix  is  invertible.  Thus,  the  corollary  is  proved. 

Lemma  2.2.  Let  X  =  (X^X^)  be  a  regular  Jordan  sequence  of  L(X).  Then  the 
vectors  of  the  sequence  are  independent  of  the  singular  eigenspace  Vq. 

Proof :  Let  J  =  (J^jJ^)  be  a  Jordan  matrix  corresponding  to  X.  We  consider 
first  the  case  when  A  =  »  £  a,( L)  and  therefore  (X  ,J  )  =  0.  From  (2.3)  and 

q  oo  ao 

(2.1* )  we  get  AqVqCA^Vq.  Denote  by  U  the  space  of  all  complex  vectors  u 
such  that  XpU€VQ.  Then  for  any  u€U  we  have  A^XpJpU  =  -AQXpU  £  AqVoC  A1V0‘ 

Since  X  =  °°  (£  od(L),  it  follows  that  KerA^  c.  VQ  and  hence  XpJpU  6  VQ. 

Therefore  JpU  £  U  and  the  space  U  is  an  invariant  space  of  Jp.  Let  uQ£U 
be  an  eigenvector  of  Jp  corresponding  to  some  eigenvalue  XQ.  Then  the  vector 
XpUp  is  an  eigenvector  of  the  sequence  Xp  and,  hence,  a  regular  eigenvector 

of  L(A)  corresponding  to  the  eigenvalue  A  .  Since  X„u_£Vn  we  can  represent 

U  r  U  U 

qo-1 

Vo  =  j^0  CjtP0(AJ) 

where  all  X.  are  finite  and  distinct.  Then 
J 


0  =  (A1»0*A0)Xr„0 


'i  *  'j'VV’o <V 


and  therefore 


wvvb1  ■  V0'"1  ■ 
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But  according  to  corollary  2.1  the  vectors  (pQ(  A^ )  ,(pQ(  ) , . . .  ,ipQ(  A  )  .^Pq ( °°) 


are  independent.  Therefore  XFuQ  =  Cq^q^q)  an<i  XFU0  is  a  sin6ular  eigenvector. 

Let  us  consider  now  the  case  when  A  =  00  6  a  (L).  Fixing  some  point 

A-  1  a,(L)  we  introduce  a  A-matrix 
0  d 


L(A)  =  (A1A0+Aq)A  +  Aq 


X 

A  A 


a. 

A 


0 


and  define  a  function  f(A)  =  A/(Aq~A).  Then 

L( A )  =  (l-X/\Q)l(f(\)) 

and  Wq(X)  =  cp^Cf  ^(A))  is  a  singular  root  function  of  L(A),  It  is  obvious  that 
x ,  . 

L ( A )  is  singular  of  order  one  with  the  same  singular  eigenspace  VQ  as  the 
matrix  L(A),  but  A  =  °°  t  o^Cl).  Denote 

/MF  °\  1 

M  =  (  j,  where  Mf,  =  f(jfJ  =  JpUgl-Jp)  ,  =  (A^-l). 

Then  to  an  eigenvalue  A^  of  J^,  corresponds  the  eigenvalue  A^  =  f(A^)  of  M^, 
and  the  corresponding  eigenspaces  of  and  M?,  coincide.  The  same  result 

holds  for  J  and  M  ,  where  A  =  f(<*>)  =  -1.  Therefore,  if  is  an  eigenvector 

00  00  00  (J 

of  M,  then  Xu^  is  an  eigenvector  of  the  sequence  X.  The  pair  (X,M)  is  not  a 

x.  .  x  x 

spectral  pair  of  L(A)  but  it  satisfies  the  relation  A^XM  +  A^X  =  0.  Then 

'V  .  .  . 

repeating  our  first  proof  for  the  matrix  L( A )  and  the  pair  (X,M)  we  arrive 

x .  . 

at  some  eigenvector  u_  of  M  such  that  Xu„  is  a  singular  eigenvector  of  L(A) 

u  u  • 

and,  hence,  of  L(A).  But  Xu^  is  an  eigenvector  of  the  regular  sequence  X. 
Therefore  the  space  U  =  0,  and  the  sequence  X  is  independent  of  Vq. 

Remark  2.2.  If  L{A)  =  A^A+Ag  is  regular  and  X  is  a  regular  Jordan  sequence 
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of  vectors  of  the  sequence.  If  (X,J)  is  a  canonical  pair,  the  number  of  vectors 
in  X  is  equal  to  the  number  (counted  with  multiplicities)  of  finite  and  infin¬ 
ite  eigenvalues  of  L(a),  i.e.  equal  to  n.  Therefore  the  vectors  of  a  canonical 
sequence  X  form  a  basis  in  Cn. 

For  a  linear  A-matrix  it  is  possible  to  define  the  concept  of  invariant 
space.  The  space  V  c  Cn  is  called  an  invariant  space  of  L(A)  =  A^A+Aq  with 
finite  spectrum  if  AQV  cr  A^V.  Similarly,  it  is  called  an  invariant  space 
of  L(A)  with  infinite  spectrum  if  A^V  c  A^V.  The  direct  sum  of  above  spaces 
is  called  an  invariant  space  of  L(A).  An  invariant  space  is  regular  if  it  does 
not  contain  singular  eigenvectors  of  L(A).  An  invariant  space  is  singular  if  it 


is  contained  in  V^. 

Let  V  be  a  regular  invariant  space  of  L(A)  with  finite  spectrum.  If 
Aq  t  o^CL)  then  A^Aq  +  AQ  is  an  isomorphism  on  V.  But  (A1AQ+AQ)V  c:  A-^V  and 
therefore  also  A^  is  an  isomorphism  on  V.  Let  X  be  a  basis  in  V.  Then  we  can 


represent  AQX  = 
we  can  write 


-A^XM.  Moreover,  M  may  be  brought  to  the  Jordan  form,  so  that 
AXXJ+  AqX  =  0. 


But  then  the  pair  (X,J)  is  a  spectral  pair  of  L(A)  and  the  regularity  of  V  im¬ 
plies  that  also  the  sequence  X  is  regular.  Analogously,  for  a  regular  invar¬ 
iant  space  with  infinite  spectrum  we  have  a  spectral  pair  (X,J)  with  a  regular 
Jordan  sequence  X  such  that 

AX  +  AQXJ  =  0. 

For  a  regular  invariant  space  V  with  finite  spectrum  we  define  A^  as  an  eigen¬ 
value  of  L(A)  in  V  if  there  is  some  eigenvector  of  L(A)  in  V,  which  corresponds 
to  Aq.  The  spectrum  of  L(A)  in  V  is  then  denoted  by  o(L,V)  and  consists  of  all 
eigenvalues  Aq.  If  V  is  with  infinite  spectrum,  then 

AQ  €  o(L,V)  iff  1/Aq  €  o(L("\v)  . 


I 
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Now  lemma  2.2  may  be  formulated  in  terms  of  invariant  spaces. 

Lemma  2.3.  If  V, ,V^ , . . .  are  regular  invariant  spaces  of  L(X)  with  disjoint 
. .  .  X  c.  X 

spectrum,  then  they  form  a  direct  sum  V  =  V^V^®...®^  which  does  not  intersect 
the  singular  eigenspace  V^. 


2.2.  Linearization  of  X-matrix. 

-  m 

We  discuss  here  some  linearization  of  a  matrix  polynomial  L(X)  =  \  A.X 

j=0  J 

(for  detailed  description  of  linearization  of  X-matrices  see  [5]).  Define 


J 


(2.8) 


0  -  I  0  .  .  0 

0  0  -  I  . .  0 


-I 

A_  A,  .  .  .  A  , 
0  1  m-1 


A 


i  d i ag (i, )  . 


Then  the  linear  X-matrix  L(X)  =  A^X  +  AQ  is  called  a  linearization  of  L(X). 

If  L ( A )  is  of  order  n,  then  L(X)  is  of  order  mn. 

Introduce  matrix  polynomials  of  order  mn 


(2.9)  F( X)= 


1  0  0 

XI  10 


X2I 


XI  I 


xm-1i 


.  0 

XI  I 


and  E(X)  = 


B  ,(X)  B  .(A)  . 
m-1  m-2 

-I  0 

0  -:i 


B]_(X) 


where  B,  ( X )  =  A  • X  +  A  .and  B,^. (X)  =  X  B  ( X )  +  A  ,  ,  for  H  J  <  m-2.  Then 
1  m  m-1  j+1  i  m-j-1 

the  following  identity  holds 
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(2.11)  E(co)(A)  = 
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CQ( A  )  C1(A, 


C  (A)  I 
n-1 


p  A  and  C  (A)  =  C.{A)  -  AA  for  0  .<  j  <  m-2.  Then  the  follow¬ 


ing  equivalence  holds 


(2.12) 


,(“)(A)^(“)(A)F(“)(A)  =  ©  L(w)(X)  . 


Similarly,  if  ip(A)  is  a  root  function  of  '  (.  A )  of  multiplicity  q  corres¬ 
ponding  to  an  eigenvalue  A^,  then 

<p(x)  = 

xn 

'  t  (  oo  ) 

is  a  root  function  of  L  (A)  of  the  same  multiplicity  corresponding  to  the  same 

(  OO  )  (  00  )  . 

A  .  Here  F  (A)  consists  of  the  m  last  columns  of  F  '(A)  i.e. 

■ 1  m 

F^U)  =  (Am_1I,  Am_2I,.  .  .  ,1)  1  . 


2.3.  Spectral  theory  of  linear  A-matrices. 

Let  L(A)  =  A^A+Aq  be  a  regular  A-matrix.  Denote  by  A^,A^,...,A^  all  the 

different  finite  eigenvalues  of  L(A)  of  multiplicities  q  ,qg,...,q_^  and  by 
=  °°  the  infinite  eigenvalue  of  multiplicity  q^.  Let  . .  ,T  be  posi¬ 

tive  oriented  disjoint  .Jordan  contours  around  the  points  A  ,Ag,...,A^  and 
P  be  negative  oriented  one  surrounding  all  the  contours  above.  Denote  by  F, 

OO  -  0 

the  positive  oriented  cor- tour  from  r  by  mapping  A  -*•  1/A.  Define 


linear  operators 


(AxA+A0)  A1dX,  j  =  l,...,t. 


22 


Using  the  resolvent  equation 

4 


‘0 


L  1  (  A  )A,  L  j(u)  =  (y-A)  1  ( L— 1  (X  )-L_1(y  ) ) 


we  prove  by  standard  methods  that  P.,  j  =  l,...,t,  are  mutually  orthogonal  pro- 

J 

jectors.  Applying  the  transformation  A-KL/A  we  get 


P  =  -( 2-rri  ; 


(A1A+A0)  AQA 


1‘  '  ^dA  =  I  +  (2TT1)"1 


<j>  (A1A+A0)"1A1dA. 


Therefore  the  sum  P,  +  P0  + . . . +  P.  +  P  =  I  and  P  is  also  a  projector  orthog 
12  t<»  DO 

onal  to  P^ , . . . ,P^ . 

Let  Q  .  be  a  neighbourhood  of  A,  containing  the  contour  r  .  Denote  by 
J  J  j 

the  space  of  vector  functions  ip  (A  )  =  (cp  ^ ^  (A  )  , .  .  .  ^  (A  ) )  analytic  in 

I  n 

. .  Define  an  operator  0.  :  <E>(f2.)  — >  C  by 

J  J  J 

Q.ip  =  (2Tri)_1  0 L_1(  A  )ip(  A  )dA  • 

J  f . 

J 

Obviously,  Q.j(Apd>)  =  P^ip  for  *p(A)  =  const.,  so  that  Im  P^  c:  ImQj .  Let  c  ( A )  be 

scalar  function  analytic  in  ft..  Then  in  the  same  standard  way  as  one  proves 

2  J 
that  P .  =  P .  we  may  show  that 

j  J 

(2.13)  Q.vc(a)A  Q  (q?))  =  Q,  (c(  A  )ip(  A ) )  . 

J  J  J 

Substituting  in  (2.13)  c!\)  =  1  we  obtain  Q,(A  Q,(<p))  =  P.(Q.ip)  =  Q,(<p).  There 

J  -L  J  J  J  J 

fore  Im  Q.  ci  Imp.  and  finally 
J  J 


(2.1U) 


ImQ.  =  ImP,  . 
J  J 


Let  the  dimension  of  ImP.  be  d  .  There  is  some  nxd .  matrix  function  S',  (a) 

J  J  J  J 

analytic  in  ^.,  such  that  the  columns  of  a  matrix  X.  =  Q.('F.(a))  form  a 
J  J  J  J 

basis  in  ImP..  For  any  cp  £  ®(n,)  the  following  identity  holds 
J  J 


(2.15) 


AQ0  (*p(^))  =  (2ui) 


-1 


(L(  A)-AXA)L  ](  A)*p(A)dA  =  -A^Q  (  A(J<  A)) 
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Since  the  space  C  is  a  direct  sum  of  ImP,,  j  =  1, .  . .  ,t  ,*>,  the  matrix  X  is 

O 

invertible.  For  A  g  o(L),  L(A)  is  also  invertible  and  so  is  T.  Then  for  the 
determinant  of  L(A)  we  get  | L ( X ) |  =  const .* | A-M^j  | X— !  •••  |A-M  |  and  from 
the  decomposition 

q-,  % 

|L(A)  |  =  const.  •(A-A1)  1  *  (A-A2)  ...  ( A-A^_ ) 

qi 

it  follows  that  ) A— M . |  =  const.  (A-A.)  J  for  j  =  l,...,t,  and  therefore 
J  J 


Then  we  have  also 


dj  =  • 

t  t 

d  =  n  -  [  d.  =  n  -  I  q,  =  q  . 

u  -\  »-*  a  On 


0=1  J 


j=l  J 


Using  the  notion  of  the  invariant  space  we  conclude  from  (2.15)  that  ImO^  , 

,i  =  l,...,t,  is  an  invariant  space  of  L(A)  with  finite  spectrum  and  ImQ^ 

i  an  invariant  space  with  infinite  spectrum. 

Choosing  the  suitable  matrices  X.  we  can  assume  that  the  corresponding 

J 

matrices  M.  are  in  a  Jordan  form  with  the  eigenvalue  A..  We  may  then  assume 
J  J 

that  the  columns  of  X  form  a  canonical  Jordan  sequence  of  L(A)  (see  the 

proof  of  lemma  2.5)*  We  need  the  above  spectral  theory  in  order  to  investigate 
a  perturbation  of  a  linear  A-matrix.  If  the  matrices  A^  and  AQ  depend  analyt¬ 
ically  on  some  vector  parameter  s  in  a  neighbourhood  of  a  point  s  =  s^,  then 

the  defined  above  projectors  P.  and  operators  Q.  depend  analytically  on  s  near 

■ '  J 

the  point  s. .  It’  the  matrix  M.(nn)  is  in  a  Jordan  form,  such  form,  generally 
0  J  u 

cannot  be  preserved.  There  is  a  complete  description  of  an  analytic 
perturbation  of  a  Jordan  matrix  (see  [6]).  IfM.(sg)  is  a  Jordan  cell,  the  per¬ 
turbed  matrix  M.(s)  may  be  written  in  the  form 
J 


M.(s) 

J 


e  .  (  s )  +  A 

V1  J 

e  A  s) 

•  V2 


1  0 


A .  1 

0 


n 
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or  in  the  form 


(2.20) 


M.  (  s  )  =0  X.  1 

J  ■  _ 

eQ(s)  e1(s)  .  . 


.  e  ( s )  +  X  . 

J 


Obviously 


| X-M  ( s) |  =  (X-X  ) 


eq.-l(s)(X~Xj)  J  -••-e0(s)  • 
J 


The  characteristic  equation  |l(X,s)|=0  in  a  neighbourhood  X£fi .  for  s  close 

J 

enough  to  is  equivalent  to  the  equation  |A-M  (s)|  =  0.  Therefore  the  A-poly- 
r.omial  |X-M.(s)|  is  a  Weierstrass  polynomial  of  the  function  |l(X,s)|  near 

the  point  (X.,sn)  (see  [9l  about  the  Weierstrass  polynomials).  We  use  this  fact 

J 

especially  in  subjection  8  .2  to  construct  the  Kreisr>  symmetri zer  for  such  a 
matrix  Mj(s).  We  shall  need  also  in  subsection  7-1  the  following 

2.1.  Let  £2  be  a  bounded  open  C  -by  domain  and  denote  by  F  V.  e  posi¬ 
tive  oriented  boundary  of  2^.  Let  tp(X)  =  (tp^  ^ ( X )  2 ^ ( X ) , . .  .  ,q/n ^ ( X  ) ) '  be  a 

vector  function  analytic  in  a  domain  2  =>  and  L(X)  =  A^X  +  AQ  a  linear  regu- 
j  ar  X-matrix  such  that  o(b)  fl  (2^^)  =  0  .  Let  the  integral 
f  _  ]  _] 

j  I,  (X)q>(X)dX  =  0.  Then  the  function  L  (X)q>(X)  is  analytic  in  2. 

'  i 

' 'roof .  Using  the  representation  (2.18)  we  can  express 


r,(x)~  <p(x)  =  x 


( XI-Mp)" 


T_1tp(  X  )  . 


(  XM  -T  )' 


>  M  -  M" 


is  analytic  i:: 


•:r1  y.  nn  l  r'  arc  i  nv-rh  il  1  c ,  the  1  orcr.H  may  P 


o< t  to  the  case  1,(X)  -- 


is.  a  Jordan  matrix. 


■  -ver ,  it  i enoutf.li  to  cor.?  i  tier  t.he  case  when  M,,  i::  a  Jordan  '-ell  w.'t  nr. 

■  i  genvalue  A(-)  £  11  .  Denote 

(Al-MpT^A)  =  *(A)  =  (ip(i)(A),...,^(n)(A))'  . 

Then  k  =  1 , . .  .  ,n-l  , 

</n)(A)  =  cp(n)(A)(A-A0)~i, 

fc>  i  nee 

0  =  0  ij/n)(A)uA  =  2>'  iV  (n>('  )  , 

!'  0 

it  follows  that  ip' n  ^  ( A )  (  \-Xq)  ^  is  analytic  in  ft.  Then  the  analyticity  of 
(  k ' 

t|/  (A)  is  proved  by  induction  on  k  from  k  =  n  to  k  =  1 . 

Let  ftQ,ft,r  be  defined  as  in  the  above  lemma,  but  L(A)  be  a  linear  singu¬ 
lar-  A-matrix  of  order  one.  Let  L(A)  be  factorized  in  SI  as  L(A)  =  L^A^^IA) 
where  L ^ ( A )  and  L^(A)  are  A-matrices  in  ft,  and  LQ ( A )  invertible  in 

ftMl^  and,  therefore,  regular.  Denote  by  A  ,  A^ , .  .  .  ,  A^_  all  the  different,  eigen¬ 
values  of  L0(a)  in  SIq  of  multiplicities  q  ,q0, . . . ,q^ .  Assume  that  the  eigenvec¬ 
tors  of  Lg(A)  corresponding  to  any  Aq€o(L^)  are  regular  eigenvectors  of  L(a) 

corresponding  to  the  same  A^.  Then  a  root  function  ip(  A )  of  Lg(A)  of  multiplici¬ 
ty  qQ  corresponding  to  an  eigenvalue  A^  is  also  a  regular  root  function  of  L(A) 
of  multiplicity  at  Least  q^.  It  follows  that  a  canonical  spectral  pair 
( Xn  ,J  )  of  L0(A)  is  also  a  spectral  pair  of  L(A),  and  X  is  a  regular 

“o  “o  d  uo 

Jordan  sequence  of  L(A).  Lemma  2.2  implies  that  the  vectors  of  X  are  inde- 

“o 

pendent  of  the  singular  eigenspace  V  of  L( A ) .  Define  a  linear  operator 

ft,  :  0(ft)  ►  Cn  by 

(  ,,  0p)  Qtp  =  (  Pit  i  )  1  0  (A)<p(A)dA  . 
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I.ernma  2.5.  The  space  ImQ  is  a  regular  invariant  space  of  L(A)  of  dimension 

q  -  q  +q,,*...-Ki  and  the  above  sequence  X  form  its  basis. 

L  *-  x  “o 

Proof.  Using  equivalence  (2.1)  for  L2(A)  in  ft  we  get  L^U)  =  R(  A  )D-"  U  J.U  a  , 
where  D(  A  )  =  d  1  ag  ( d.^  ( A  ) ,  d0  (  A  ) , . .  .  , d  ( A ) ) ,  and  d^A),  i  =  l,...,n,  have  a  form 

given  in  (2.2).  Replace  the  operator  Q  by  ^  =  Q*S_1.  Since  S_1  is  an  i  son,.:  r  pi.- 


tm  on  <">(ft  ),  the  space  ImQ,  coincides  with  ImQ.  For  any  A.,  j  =  l,...,t. 


j 


define  vector  functions  b-^(A)  =  D .  ( A-A  .  )  ~k‘1  fnr  k  =  0 ,1 , . . .  ,q .  ,_l  ,  where  D 

i  J  i  J  ,  l  j  i 

ci  R . ( A ) | 


olumn  of  D.  Then  Q  b^^(A)  =  — 

J-  -i «)  k ! 


(IA'V 


J 


/ ,  \  q  .  ,-_L 

and  tiie  vectors  { cp  ‘  (A.)},  form  a  Jordan  chain  of  L0(A)  cori'espondmg  to 

1  J  K—  U  c. 

a  root  function  tp.(A)  =  R^(A)  (here  R^A)  is  the  i-th  column  of  R  ( A ) ) .  The  above 

shams  form  for  all  1  :  j  t  t  and  1  f  i  t  n  the  canonical  Jordan  sequence 

of  L,;(A).  Thu»  we  have  proved  that  X  belongs  to  ImQ.  On  the  other  hand  * 

'  '  U0 


any  scalar  function  t|»(A)  analytic  in  ft  may  be  written:  ip(  A)/d  (A )  - 

(!)  (  p  )  (  T)  (  O  ) 

b  '(A)  +  ip  ( A ) /d  (A)  where  b'  ;(A)  is  analytic  and  b  1  { >.)/d  (a)  ...  a 


linear  combination  of  the  functions  (A-A.) 

J 


-k-1 


,  1  S  J  *  t,  0  :  k  i  q  -1 


Therefore  the  space  ImQ  is  spanned  by  the  vectors  of  X  ,  and  being  independent 

“o 


these  vectors  form  a  basis  of  ImQ.  The  number  of  the  vector.'  in  X  i ...  obvmu.  i.v 

“o 

q  -  q  +q0+.  .  . +qt .  The  space  ImQ  has  a  basis,  which  form  a  regular  Jordan  ..e- 

‘pence  of  the  A -matrix  L( A ) ,  and  therefore  it  is  a  regular  invariant  ..pace  ol 
th .  matrix.  The  lemma  is  proved. 

Remark  2-5-  The  above  lemma  may  be  also  applied  to  a  regular  matrix  I,(\).  Tin n 
there  are  obviously  no  res.trictions  on  the  right  divisor  IJo(A)  of  1,(a). 
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3.  The  ease  of  hounded  eigenvalue:' 


Consider  the  problem  (l.l)  in  a  neighbourhood  il{  t, ' )  defined  .  r,  i.. 
where  =  (  u^,»Sq)  and  Res^  i  0.  Since  the  A -matrix  L{  a ,4 )  =  !  +Aa  +  :  i:  i  ue 

homogeneous  of  order  one,  by  introducing  A'  =  A / | 4 |  one  obtains 


(3.1) 


L(A,0  =  |c|L(A',C)  . 


We  consider  L(A',t')  as  a  A'-matrix  depending  on  parameter  t'  £  dU,f'). 
In  the  first  part  of  this  section  we  investigat  in  general  the  charac¬ 
teristic  equation  (.1.6)  and  the  singular  A ’-matrix  L{A',f,'j  for  =  0. 


In  the  second  part  theorem  1  is  proved  in  the  neighbourhood  SHAq)  Wi'i 


c  ’  *  0. 


In  the  third  part  the  results  of  Section  2  are  used  to  analyze  tne  bloc* 
fracture  of  L(A',c')  for  £’€8(4^)  when  =  C  and  to  ir./vc  tU  .ua 
cerning  the  assumption  1.2.  Then  theorem  1  in  51  ( ^ q )  follow.;  quite  easily. 


0.1.  F'reliminar.y  analysis  of  L(A',c'). 

Consider  the  characteristic  equation 


n-i 


(3.2) 


|  L(  A  '  ,  |  =  l  a  U’  )(A')J  =  0 


j=0 


2.  i  rice  |  L(  A  *  ,c* )  |  =  0  for  s'  =0,  the  characteristic  polynomial  may  he  writ 


(3.3) 


|L(A',C')|  =  s’p  A\iw\s  1 


3  it)  pQ(  A  ’  ,iw  '  ,s  ’  )  =  (A[  I  |A1I|(A') 


,  ,n-l 


+  term:;  of  lower  order  in  A1. 


.'.n  e  the  highest  term  in  Pq(A',j;')  does  not  vanish,  the  A'-matrix  HA',c' 


1,  ....... t** 


!  or 


exue 


* 


wt-  arrive  at  eitaraet  *-r 1 


i.- ! 

:C  1  =  I  a,.:.')  •' 

Therefore  the  X  '  -rr.nt  r :  x  I  ' 
and  the  matrix  [,(  X  •  ’  '  r.a  > 

\<  =oo.  7he  eigenvector  of 
viouoly  to  KerA.  The  >•»  r  :••• 
for  real  X',  r'  and  i  mag :  nary 
real  for  '  and  u'  a:  above. 


and  imaginary 


:•  ier  of  A,  and  A,  T  cii 

'  =  •  '  . juat.icr; 


i 


a.  ‘’XUct  1  y  ;  n-  1  1 rt  w  :  • 


•  !\  of.  I- 

or  u  ’ 

=  0  t he  > ■  i 

fHra 

i  '  '  '  ,  r.  ’ 

)  =  1 

!AT  ; 

e-1  root. 

w  i  t 

i.  He  A  '  ■  i 

fir*'! 

ari'i  He.;' 

*  n 

e  juat  i  >n 

if  t  tie  r 

■oof  c 

A  '  in  v.a  I  i 

i  ai 

: i r t . •  no  i 

mag  inary  root.;. 

I  rid' 

t  eri.o.ic  polynomial  1 1 . (  1  '  ,  i  . . ' 
A  A,'  +  iBfu)^)  hau  a  double 
hyperboJ  icity.  A.-  • '  aj  proa  •», 

' . i  at  I  roach  t he  A-r  ■  ’  . 
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1  »  ' 


Id  A’  ,r/  )XU’ 


) 

0  -A  '.M  (  L, '  )  +  l/ 


here 


=  diarvV  M^U '  J  =  0 


r.d  t he  mat  rices  N!  (  r, 1  ) 

J 

a  .Tordan  matrix  w'th 
avert ;  Me  in  ft(r'). 


onr.  idor  me 


are  analytic  in  it  may  be  assumed  that  M Ac,') 

J  b 

the  eigenvalue  a’.  The  matrix  XI  4 ' )  and  hence  1  v  4  ' ) 

Tf  Per,'  >  0,  there  are  no  eigenvalues  X!  with  Re  XI  = 
■>  J  0 

more  difficult  case  of  Fer,',=d.  Let  ReA’=C.  Th.en  there 


i.f  -•  i.-er.vectcr  of  Id  X '  ,r,'. !  corresponding  to  a  j  .  Therefore  M.  Uq)  is 
Iordan  cell  of  order  i  . .  for  convenience  we  replace  1.  by  q.  The  per- 
1  matrix  '  may  :.<•  written  in  a  form 
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"he  characterist  ic  equation  13.2)  near  the  point  A  \  ,c'  may  he  wr.tter. 


3.  in)  I  (s'/i  )I  +  A  (.  X  '  .  i  )  +  pi 


•  '  ■  .  >  I  v  *  '  .  » 


s '  /  i  -s 2  (  A  '  / 1  ,  ui'  )>•..  .  -it-  ’/i-s'  (  A  '  / : 


,0.'})  = 


vr.cre  .,e' 
depend  anal 


-  J  ’  ' 


the  distinct  eigenvalues  of  the  matrix  A(  A  1  /  i  )+P(  .;i  '  .■  a.v. 
>  '  :  and  .  Per  one  of  them,  say  s’,  we  have 
•re fore  equation  (3.10)  near  the  point  v  a  ’  ,r  '  ;  it  equiva- 


1  r.\'/:,u’  ■ 


:":;r.c*.  '•-r.  is  real  for  real  s'/i  and  w' ,  Expending  fi  A  '  /  i  '  )  .  r. 


•’  :,r.'5  =  ^  : ,  .  x,  ’  )  l 

k-0  J 


we  note  that  :  or  s  ir.ir.ex  . 


(3.1?)lmfk(c')  =  0  ,  k  =  1,2,...  ,  :mt*0U')  =  Im(  A'  /  . -s]  (  A  ’/ i  '  >  )  =  -!v, .  ' 


['he  characteristic  equation  for  M.(c') 


13)  |  (  A  '-M.  ( r. '))/'; 


(  A  '  /  i-A  !/  i  )  ‘-e  ,  U  '  ' 1  A  !  /  l ) 

J  q-1  .1 


-e  '  r  '  1 


is  equivalent  in  some  neighbourhood  of  the  point  ( A ! ,  r. '  )  to  equation  |;3.ili) 

d 

it  follows  that  e,.  (  C  ,e  ,  l  r,  ’ )  are  the  coefficients  of  Weierstrans  poi  vr. 

0  i-l 

i  a  i  corresponding  to  the  function  f(  X  '  /  i  ,r,' ) .  Pi  nee  the  coefficients  f .  C '  ' , 
k  =  ),1,.  .  ,  are  real  for  imaginary  s',  the  same  property  .have  t  tie  coeff  ,  *•-,,<  ;- 

<r  i.  '  ),  k  =  0,1,. . .  ,q-l.  The  estimate  Ime  (f,')  ■>  6  |  Res '  |  follows  t.nen  1  ram 
'  .  1  i ' )  ( see  for  example  the  general  lemma  3  9  in  I  art  i  1). 


-  -  f) 


Since  the  matrices  X  { c, '  )  and  T' (,£,')  are  hounded  .n  lb,  r,.'  i  ,  e..i  i::.a’ 
In  variables  v  and  0  becomes 


{ 3. 19) 
Here 


ov  x  J 


Res«  v(xjr  +  Jv^.lO;!"  i  j fT | £  +■  ^ - j 


\ 


|  Au 


v  o ;  i 


=  I'*:  V; 


From  (3.l8)(B)  follows  that 


I! v  (x,i  || ^  =  — II  u  v x 111 

CO  .  ,■>  oo 


il  -j vxiil" 


He.. 


Pherefcre  it  is  enoutti  to  trove  estimate  1 3 •  19 for  v  ,  *.e. 


3.1?  0) 


p  2  /  o  ll-v^Jll  \ 

Res  II  v.,(  x  )  |i  +  |v.i0;|  i  |  ft  |  +  — - -  j 


The  proof  of  the  Last  estimate  lor  problem  ,.u  ,  '  ..  ■ 


the  :  '  :  e  --a.  .  •_  *e  [.result  th  .  t  : 


r. ‘  r, '  =  t  .  ax-  t.  ,1 


matrix  Xr.  part . r  ;  •-  n-d  a.  X.  =  i  X  ,  ,  X  ■  s.v. 

”■  v  i  .  .  5 

.a-  Re  -t !  0  and  mat r i cer  X.  .  lor  Re  '  =  ')■  In  * : 


.  represented  as.  v_  =  i  v  ,  ,v  .  ,  ) '  .  Tt.en  *  rie  .  ..  mm-  '  . .  • 
riil 

isi’ies  the  inequal 1 1  Ite 

?x  '  R«iK,  \C  )M.U. '  .  )  o  '* 

•  p 


should  requ  ire  that  M.  >  t, 'J  i.-  ti  *.  <  xa;  *.  i.v  . r. 

.)  ’ 

•i.,;e  of  Re  A'  *  <)  but  l:.a.  '.tie  <• ;  emer.t,:  of  trie 
Pa-'.-'i  by  a  number  t.,  wh  i  cl.  is.  stiff  j  o  ;<--ntiy  email 


‘  1  .  .  If 


.  *  Jjj  •.  :  -J  .  ar  -  ^  i  .■ 
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v*R 
F  i- 


II 


Applying  to  equation  v3.  i8)  (A)  a  generalized  energy  method  a?  in  [  2  J  one  aer.ie.. 
an  estimate 


(3.22) 


5  *fies  il  Vp(  x  ) :!  '  + 


c  |  v  (  0 )  | ' 


Res”  |;Vx)i' 


lemma  3.3-  The  conditions  (UKC)  and  (UKC)  in  the  neighbourhood  SI(Cq)  are  equi¬ 
valent  to  the  condition 

det  S  X  ( Cq J  *  0 


Proof.  We 
by  setting 


complete  the  definition  of  the  matrices  U  .  ( t ' ) 

J 

U.(s')  =  I  when  Re  a!  r  0.  Then 
J  J 


for  all  j 


1 


=  a i ag  \ IP  (  c 

is  continuous  at  the  point  ^  with  UUq) 
y?  =  U~1vF  with  partition  yf  =  (y^y^)' 


),  'lA  c 


v,  ( c  ’ ) ) 


=  J.  Let  us  Introduce  a  new  variable 

as  for  the  vector  v_  Consider  the 
F 


equations  (3.18)  (AJ,  (B)  with  0  =  0.  Equation  (3.18)  (A)  in  the  new  variable 
becomes 


Ul 


Ai 


12 


y,-  =  o 


where  is  of  order  ( Jt-1 )  <  (5.-1)  with  eigenvalues 

and  N  has  eigenvalues  with  Re  A '  >0.  The  solution  • 


r,0(R  )  it 


y  !  ,  =  0,  y  j ( x )  =  ex | . |r.  j 


1  hen  the  general  solution  of  the  homogeneous  equn’ 


at  is 


it.g  f  • 


) 


J 
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(3.23)  <P(x,£)  =  (^(x.C )  ,4>2(x,c)  ,  •  •  •  (x,c  )  )yJ  (0)  =  Xp(  r, '  )  u(  C  ’ )  (y ,  ( x  ) ,  0) 

so  that 

M>(0,rj  =  XF(c'  )U(C’  )tjrTlO)  ,0) 1  . 

The  vectors  tp^(0,c) .  ,tp  (0,0  depend  obviously  on  f, '  and  are  continuous  func 
tions  at  the  point  with  the  value 


. Vl  [0'r>0]) 


x  (c '  ' 
i  V 


The  columns  of  Xj(Zq)  are  independent.  In  Section  ]  we  have  defined  also  the  con 
dition  ( UKC )  related  to  the  "shortened"  vectors  tp .  ( 0  ,r,('j  which  correspond  to  the 

matrix  XT(c').  Since  X  (r')  =  0  and  the  columns  of  (X  (r'),  X  (r'J)  are  inde- 
1-  U  »  0  1  U  00  0 

pendent,  also  the  columns  of  X  (r,^)  are  independent.  Therefore  (UKC)  and  (UKC), 

are,  as  was  stated  in  Section  1,  equivalent  in  0(r.g).  According  to  (UKC), 

det  S  (cp^  (  0 ,  Cq  ) » •  •  •  »tpJ?_-L(  0 ,  Cq  ) )  f  0  so  that  det  S  X  Uq)  t  0.  Thus,  the  lemma 

is  proved. 

Consider  the  boundary  condition  (3.18)  (C) 


SX{i,vp(  0 )  =  OX.Vj (0)  +  SX  f  j.  v  j  j  (0) 


Then  under  (UKC)  we  have  an  estimate 


|vx(0)|P  f  K(  |vn(0)|?  +  |g|  ’)  . 

Choosing  the  constant  c  in  (3.2?)  small  enough  (compared  wit.i,  K  '  one  r-t.  a ;  n. 
once  the  estimate  (3.20). 

To  accomplish  the  proof  of  theorem  i  we  should  show  the  necessity  .  f  ' 
I,et  det  f>  -  0  and  a  vector  y  j  ( 0 )  satisfies. 
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s  XjU^y  to)  =  o  • 

Defining  a  solution  tp(x,c)  of  the  homogeneous  equation  (l.U)  by  (3. 33)  and 
using  the  above  y  (0)  one  obtains 

gU'  )  =  S<p(  0 , C  '  ) 

so  that  g(^*)  is  continuous  iunction  of  q  1  at  the  point  c*  =  Cq  with 

P U'Q)  =  S  XJl^)yI(0)  =  0  • 

From  estimate  (1.2)  one  arrives  at 

|  A4H  0 ,  r, ' )  ] ?  <.  |  g  ( r, '  )  | 3 

ro  that  Aip(0,^q)  =  0.  Rut  Aip(0  »Cq)  =  A  )  y  ^  ( 0 ) ,  and  since  the  columns  o 

A  X^q^)  are  independent,  it  follows  that  y  (0)  =  0. 

Therefore  det  S  XjU^)  i  0,  and  (UKC)  is  satisfied  in  a  sufficiently  small 
neighbhourhood  JHCq). 

3  The  neighbourhood  with  =  0. 

We  begin  with  some  kind  of  perturbation  theory  for  the  A-matrix  It  a',-; 
considered  as  a  deformation  of  the  singular  a' -matrix  AX '+ iB(u> '  ) . 

Let  Aj,A^,...,A^  ne  all  the  different  roots  of  the  equation  pf)(  A  '  ,  ) 

with  multiplicities  q1 ,q  , . . .  ,q  .  As  shown  in  statement  3.1  ,  exactly 
(n-l)/2  roots  (counted  with  the  multiplicities)  belong  tu  the  half  plane 
Re  A'  <  0  and  the  remaining  (n-l)/2  roots  have  Re  A'  *  0.  We  add  to  the  who; 
set  of  roots  the  value  A '  =  “>  with  multiplicity  <i  =  1  . 

QO  1  1  CO 


-"mi  -irlifn  ~'iii  m  m, 


the  contours  T.  ,  j  =  f  ^  an  i  I  art  :•  !  .  r.t-.i  :  i.  ,-,ui  ..ect  j  ,r.  a:,  i 

J 

the  neighbourhood  £2( Cq )  is  then  chosen  i  enough ,  so  that  tor  any 

4'€J2(Cq)  there  are  no  roots  of  the  equation  j-  ((  a'  ,c'  )  =  0  on  the  above  contour; 

For  5'€SJ(Cq)  with  s'  +  0  we  define  the  mutually  orthogonal  projectors 

P,U'h  j  =  l,2,...,t,  and  P  U')  as  in  13-6).  Now  these  projectors  are  no’ 

J 

defined  for  s'  =  0.  In  this  subsection  we  suppose  that  assumption  l.i  ;  but  not 

necessarily  1.2)  is  satisfied.  Then  the  following  result  taxes  place. 

Lemma  3.4.  For  any  j  =  1,2, ... ,t  there  exists  an  nxq.  matrix  valued  function 
*  *  ■  ■  4  •’  J 

X  (w*  ,s'  )  analytic  in  ,  which  fulfil:,  the  following  condition.;: 


a)  for  s'  ^  0  t ho  column; 


ll,,1 


u)  for  s'  =0  these  column.  i  .  g  to  the  ;■ :  npul.ar  e .  .‘rn  pace  V  ( '  )  tnd  at 
’he  point  r'  they  form  a  ..  nguiar  .’or dan  chain 


SO)  Mi 

IP(V  I  A' :,u>r',)  ,4>f|  ,0P, 


where  <p  ( X *  ,u)’  )  is  defined  a.  it.  i vujr.a  •  1  ; 

c)  there  is  a  q.xq.  matrix-valued  function  .  U. '  .  ana .y* 

,1  J  j 

Mj(Cq)  is  a  Jordan  cell  with  the  ■  ■  i  .--er,  value  A  *  and 


3.?4)  A  X.U')M.U'  )  +  S;.’l  +  iMJJiMv')  ••  ••  fur  at:, 
.)  J 


I 'roof :  Denote  by  S2  (  A  ’  )  some  r  ;  r  mi  I  nr  neighh  juri.uiM  of  *  b< 

the  contour  1.  and  by  Of  Si  t  A  *  > )  ti,“  ■  a  ”■  -f  •.'»•<•?  .,r  fin.  •  . 

!  i  '  f;q  r  r,  : 

<p{  >. 1  )  =  ( q>  '  (  A  ’  ,<P  ,ip  ,■'•-]  'ins!,,1'  ; :  '  .  . 

T  , 

Introduce  an  ip  rit  i'  :<?i '  1  *> '  i  -  T  :  . 

■'  1  -I  f 

s  mod) 


n  :.b  ' 


•  ' 


t;  if.  '  )tp  =  M  tt  i  ;  -J)  :,  ip  *  ' 


one  arrives  at 


E3E2E1(Nq+s'I)  =  diag(ei>l,...,l)  +  O(s')  . 

Comparing  the  determinants  |l(A',c')|  =  s,Pg(A'»C')  and 
| Nq+s  *  1 1  =  s  1  (te^iegS 1 ± . . . ±e^_^( s 1 )P  1)  we  obtain  that  the  equation 

p(A',r;  q)  =  0  is  equivalent  in  ft(A'.)  to  the  equation  e^A'.w^)  =  0.  Therefore 

<1, 

e^A',^)  =  (A'-Aj)  J  f  ^  (  A  ' )  with  f  ^  (  A  f  0.  Introducing  finally 

=  diagtl/f^ ( A '  )  ,1, . .  .  ,1)  we  denote 

(3.28)  Nq(  A  '  )  =  E1+E3E2E1(N0+s'I)  =  di ag( e^ ( A '  ,u)'  )  /  f ^ ( A ' )  ,  I  , .  .  .  ,]  )+('■(  s  '  '  . 

The  matrix  (K^(A’,C')  1  is  analytic  at  the  points  A'€r.,  c/EQU,^)  and 

-'i. 

(N^(A',c,’)  1  =  diag(  (A  *  —A  ’  )  . 

Let  us  replace  the  operator  in  (3.25)  by  a  new  one,  which  is  denoted  again  by 

V<’): 

(3.29)  <5.U’)ip=  (2fri)~1  |  D(A',oo’)[(N(!)(A,,C,))‘1®On_p]qi(A')dA’  . 

rj 

The  operator  Q  j  ( C  ’ )  in  (3.29)  is  analytic  in  Since  the  matrices 

E,  (A’,?'),  k  =  1,2,3,**,  are  invertible  for  A'£fi(A!),  f  0,  the  spacer 

I  mQ, ,  ( C  *  )  &nd  ImP.(f;')  still  coincide  for  s'  f  0.  The  matrix 
J  J 

D(  A  '  ,w'  )  [Nq(  A  '  ' )  '*‘®0n_p  ]  multiplied  on  the  left  by  I,(A',r,')  become:-  ana  1 


in  Q( A j )xft( ^ ) .  Therefore  we  have 
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_f.  We  prove  first  that  diraVp(u^)  =  up  >  (n+.l)/2.  Indeed,  if  qp  <  (n+1)/'?. 


i'i'.ur.?  of  vX.(r'),  X  ( £ !  )}  are  not  independent.  Let  v(0)  -  (vT(0),v  (C)j'Le  a 
I  0  00  Q  1  00 

•  -re  vector  such  that  (XT(c’ ) ,  X  t  tl) )v(0)  =  0.  Then  vT(0)  y  0  and 

I  0  <*>  0  1 


u(x,s' )  =  Xt(u)q,s'  )  exp  ( x  M  (  us'  ,  s  '  ) )  v  !  0 )  /  r  ' 


a  r.  riv  I  al  homogeneous  solution  of  equation  (1.1)  ..A,  in  L0(R  ). 

■■  '.hat; 

Su(  0  ,s  '  )  =  CXT(u)(?i,s*)v7(0,v/:;'  =  F1X,!,'v:,),X[_(^,e'!)v(  0)/s' 
•au.-re  X  £  .her  A  and  fX  ■"')  =  ■.  Tnerefcrc  2u  '  ;  is  :  oninded  as  s'  C. 

or  <x> 

*  i.e  other  hand ,  there  is  sore  x  >  ■  sac:,  that  the  functor.  u(x,s')  =  s'u(x,s') 

non  zero  for  r'  =  0.  Indeed,  :  f  <J  x,:;.'  ,  ‘-hen 


any  complex  The  space  sj  ur.rs- 

a:,  invar iar.t  space  of  *  :.e  r.a*  r  x 
v.  r  ■  ■  an  **  i  Denver  tor  of  M,  t ' 

•  •  .  W<  :  art  it.  L.n  it  a  •■•  r  : :  ns 


:  '  '  ■•on"  a : : 


......  ,.  ■  \  _,.v,  .,  v  i  ,•  1 

ins  "i.e  non-set'1"  verts: r  v  s' 
•■  ■>•:'•.■."!  i  r.d  i  ns  to  an  eise; 

'■  •  ""  v  •  v  ■  ,v.  ’  •  ‘  ‘  ’vi  ■  '  ‘ 


u>  * ! '  * 


.P  i  '  >:  < 


r.a  ;  :  » «ur 


,  w:. . 


ix  H 

?  0. 


i  iar 
need 

.  c  • . 

e  mat 
r lx  T 


l'v  X  ,  . ' 


1  unins  >.:l‘  (  X,  {  t '  ;  ,  X  v  f.  ’  ;  ;  und  ;  X  r  ,•[>')  ,M  '  t  ’  )  ')  ar*^  independent  f 
su  f  f  i  o  :  e:;t 1  y  s-mai  L  nei rhleurhc  d  f;(.  r,\).  "'ho  :  .  i  ride]  endent  colu 
nr.  for  o'  ?  ■■)  a  rar : of  t:.e  invariant  sra'-f  IrJ'.ir'}.  Pi  nee-  the 

A  '  ,c  ' )  is  then  regular,  it  follow?  that  the  matrix  XC  C  * >  i-ve 
Comparing  the  determinants  |x(c')|  and  I  T(  f; ' )  |  in  i  3.8)  we  cone 
C.'  )  is  invertible  for  s'  f  0.  Denote  T  “'(£’}  =  .• '  7 

eec  T  ( r, ' )  and  T  ~( c')  are  partitioned  according  to  the  columns 


1  .  it  J  ^  t  -  i  =  ;  ~  ^  t  ^  i  =  t  *  t  '  t_“  \ 

u2  ’  p  ’■»  '  W-  ’  1oo  ■  |  ’ni’  0=  ■ 


notations  for  I’ 
i  he  0 oi low i ng 


..et:  tne  columns  of  the  matrix  X,Cc',)  be  i ndependent  for  j 


rix  valued  function  T  *  U.  ’ i  is  anaiyt 

__  l 

.  ‘t  r,', ).  ,  •!  =  1 ,2,. . .  ,t  ,  is  non-zero 
hi  ova  from  strong  hyperbolic  ity  tha1' 


Lf  A’  ,io’  )jft  i  r.. for  i  mag ’  nary  A  '  ar  d 


re‘i.: 


the  lemma 


}  rrve  the  last  ;'.e ntence 
ace  i n.  T  * 1  r, 1  '  -  in 

re  !  r.  T  ‘  ;  r,  ;  c  Ker  T<  r. 1 


with  Ker  TiC').  Indeed,  T(r((*)T  "U/J 


.  Conversely ,  if  Tic^jv  =  1  then  T<iul. 
is  analytic.  Then  T  1  (  w,',,s  ’  )u(:: 


hat  Irr.  T~"(^)  =>  Ker 


■W’ 


=  0 


s  '  )  V 


I 


i  re 


ore  for  rue:.  X '  identity 


.  .  ,  >  '  the  matrix  A  '-.'I  . f  r  1 
t  I  J  0 

::r:  lies  that 


invert i bl 


G 


,A  ’_*/  ( r  ’ )  it  * 


• 


um  t he  eor.j.nr.enlp  of  the 


arid  v  t  :  e  part  :  t  i  cr.e  i  accord i r.r  t  tl.e  columns,  of  the  matrix 


fix  some  j,  x  s  .;  .<■  t  or  ,i  =  *,  and  adjoin  *  u.-s  ■  i  u:r.n  r  X.(.s,!) 

•J  '  1 

or.al  u.-q .  columns  of  the  matrix  X!  r  ’  ,  to  form  a  ha.:  i  r  r  V  Us-)  i  we  add 
0  J  1  M  o 

>rdar.  chains).  Denote  such  obtained  sasis  r-y  V.  •  1  '.  Tncn  r  ar.v  a  ’  the 

,!  ‘  l 

tp(  A  '  ,u>;  !  may  he  expressed  as  a  .L.near  comb inta ion 


<pp(  A' .oj,',)  =  Y  ;  C,  p )  w :  A  '  j  , 

v(  A  '  )  .  s  a  •(..-dimensional  column- vector,  ror  d  <  rfe.-ent  A'  *  n*-  ve-M.ors 
a;'}  span  the  space  V  ( «*j  *  ’•  and  the  carresj  ond  Inc  to  them  voeV  rs  ’/(>': 

f  ■■  0 

he  qp-d  imens:  ional  space  <r  .  Therefore  we  may  assume  i  .hat  for  s  '.me  \ ' 
rrit  orient.  of  the  vector  w(A'),  which  corresponds  t.o  Us-  Sus‘  ■■'}  urns  >'1‘ 

.  We  may  also  assume  that  A’  is.  differ":,*  r  r -m  '> ■  '  ,  k-i,... 


non  Zfirs 


i 
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extending  w(A')  to  a  n-dimensional  vector  u  =  (u^ , . . .  ,u  jU^)  by  adding  zero 
•  proponent  ft  in  the  suitable  places  we  obtain 


4>0U',^)  =  x^q)u 


xr.u  the  last  component  of  u .  is  non-zero.  Then  the  vector 
i  J 


0N 


'[ ) ,  because 


TU/Jv  =  L(  A 1  »Cq)  X(c')u  =  L(A',^)Vn(A,,C,!,)  =  0. 


0,y0'  ,s0' 


matrix  is  a  Jordan  ceil,  the  last  component  of  v  .  is  proportion- 

J 

•  r  last  ■•-•nnonent  cf  u.  with  the  coefficient  A ’-A!  4  0.  Therefore  the 

J  J 

•  ‘  •  exponent  v.  is  different  from  zero,  and  the  lemma  is  t. roved. 

J 

i r.  our  next  considerations  we  continue  to  prove  simultaneously  theorems  3.5 
..  us  turn  to  problem  1.1.  By  substitution  u  =  X(r,')v,  =  T  J  (s'  )F  this 

r  i  i  >  is  brought  to  the  form  (3.18).  The  eigenvalues  of  the  matrix  M,  (f ' )  be- 
i  nr  t  u  the  half  pi  ane  Re  A'  <  0  and  those  of  M  ^(Cq)  -  to  the  half  plane 
-e  a'  -■  We  may  even  assume  that 


He  M  (  r,  '  )  <  -61  and  Re  M . ..  (  '  )  ~>  6!  for  r,  '£uu  ' 

!  jl  1  : 

:  the  rymmetr  i  zer  R(r,')  =  Hj.  (  c  * )  ®  R-^U,'  )  with  R  (  r,  * )  =  -cl,  R .  ,  (  r, '  )  = 
y  j  nr  to  equation  (3.18)  (A)  the  generalized  energy  method ,  ..no  obtains 


6  |  A,  |  llv^.ix)  ||  ‘  +  |  VjjlO)  T'-c  |  v  j  (0)  |' 


-  K,SU)"'  K  II  (  x  ) 
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The  initial  values  v  (0)  and  vT  (0)  are  given  by 


( 3 . 3^  ) 


vn(0)  = 


exp(-MII(c,)x)TII(5,)F(x/U|  )dx 


(3.35) 


S  XI(t;’)vI{0)  +  S  XI]U')vII(0)  =  g  . 


Consider  a  linear  operator  Q  acting  on  the  space  Lp(R  )  of  n-dimens ional. 
vector-functions  F(x)  with  the  values  in  ^  and  given  by 


exp(  -Mt  j  )x  )Tj  j  (  Cq  )F(  x  )dx 


Lemma  3-7 •  The  image  of  the  operator  Q  is  the  whole  space  t 


r.-J  )/:■' 


Proof :  The  operator  Q  may  be  expanded  on  the  space  D(R  )  of  genera] i zed  vector 

+ 

functions  dual  to  the  space  of  exponential.]'/  decreasing  on  R  vector  functions. 

V(E  )  is  the  closure  of  Lp(P+)  In  the  weak  topology  of  D(R+)  and  0  is  a  -  r.- 
tinuous  operator  on  D(R+)  with  a  finite  dimensional  range,  it  follow:-  that 
Q(l”(R+))  =  Q(D(R+) ) .  Taking  F(x)  =  F(xQ) *6(x-x  ) ,  where  6(x-xQ)  is  * h*  delta 

-f- 

function,  we  obtain  that  Q(D(R  ))  is  spanned  by  all  vectors  v  of  the  form 
v  =  exp(-Mj  )x)Gjj  ,  where  G  eimTj^CQ)  •  Therefore  Q(D(R  ))  .  s  the  minimal 
invariant  space  of  the  matrix  M^U^)  containing  the  space  Im  We  as- 


rr  ') 


sume  the  vector  0  to  be  partitioned  according  to  ^ ) .  It  follows  from 
.Lemma  3.6  that  for  any  1  f  j  f  t  with  Re  A '  >  0  there  is  a  vector  T^lr.  ’,) 

with  non-zero  last  component  of  the  partial  vector  G. .  The  matrix 


M  (r')  is  in  a  Jordan  form  with  the  Jordan  cells  M . ( r ' ) .  It  may  be  easily  shown 
T  T  0  J 

that  the  minimal  invariant  space  of  MT(  (r,^) ,  which  includes  '  at  ■  ve  vector  1^ 

will  also  include  the  all  space  of  eigenvectors  and  generalizes  eigenvectors  of 

Mr  j  ( r,^)  corresponding  to  the  eigenvalue  A!.  Taking  such  vrt..;iv  ft'  any  ,1 

with  Re  A'.  >  0  one  proves  that  the  space  Q(l)(R  ))  contains,  all  t  he  vo-ters  of 
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Analogously  to  lemma  3.3  we  have 

Lemma  3 ■ 8 .  Let  the  dimension  of  the  space  Vq(w' )  be  q^  >  (n+l)/?.  Then  the  con¬ 
ditions  (UKC)  and  (UKC)  are  equivalent  in  a  sufficiently  small  neighbourhood 
to  the  condition 

det  S  XtU£)  *  0  • 

Proof:  The  general  solution  tp(x,f;)  of  the  homogeneous  equation  (1.1+)  for 
C  '  £f2(  Cq)  is  given  by 

ip(x,c)  =  (^(x.rj  ,(.p?(x,rj  .  ,4>a_1(x,c)  )v];(0)  =  XT( t 1  )exp(  |  r;  |mt  ( r. '  )x )v1  (0 ) 

so  that 

(ip^O.r.)  ,<p2(0,t) ,  •  •  •  ,(pjf_1(0,rj  )  =  XT  ( c  ’ )  • 

The  columns  of  Xj(t')  are  analytic  and  independent  vector  functions  for  c '  €S1  ( r,  ^ ). 

Moreover,  since  the  columns  of  the  matrix  (X  (r.l),  X  (r1 '))  are  independent  and 

JL  U  oj  u 

SpX^Ct')  =  Ker  A,  also  the  columns  of  the  matrix  A  X,  (t,^)  are  independent.. 

The  last  is  equivalent  to  the  independence  of  the  columns  of  the  "shortened" 
matrix  X  (?q).  Now  the  claim  of  the  lemma  is  obvious. 

Lemma  3.9-  Let  dim  Vq(w')  =  q^  j  (n+l)/2.  Consider  the  problem  v 1  •  1  )  with  a 

boundary  operator  3,  which  is  a  constant  r‘-/yn  matrix  witti  3  (Ker  A)  =  0. 

If  problem  (l.l)  is  properly  posed  for  w'  =  o>^  in  the  sense  of  theorem  i.h,  then 
det  3  Xj(c^)  4  0,  i.e.  the  condition  ( UKC )  is  fulfilled. 

Proof:  Tf  3  X^(Cq)v^(0)  =  0  for  some  vector  v.(.  (0)  ^  0,  then 

u(x,r,')  =  X ,  (  r. '  )eXp(  |  f.  |  MT  (  r, '  )  )v  ( 0) 

1  i  I 

is  a  homogeneous  r.ol ut. ion  of  equation  (l.l)  (A)  and 

3  u( 0 ,r. '  )  =  rU' ) , 


But  Vjj(0,Cq)  may  be  any  vector  in  3^n  * ^ ^ 1  and  therefore 

Sp(XII(r>'))cr>p(XI(f,'),  X.lt'))  and  ApXU’)  =  .Y iX^r.'),  X  J  r.  • 

According  to  corollary  2.1  the  n  column-vectors  of  the  matrix  X'r;’)  span  the 
space  V0(o)q)  .  Hence  VQ(a»^)  =  fp(  X ,  (  )  ,Xa(  ) )  and  dim  V,(w,,)i  =  (n+1  )/.». 

Theorem  1.5  is  thus  proved. 

Let  A  and  B(to^)  be  symmetric  matrices.  By  setting  the  boundary  opera*.  r 

in  (1.1)  ( B)  as  S  u(0)  =  u^  one  obtains  for  u>'  =  a  properly  posed  proMeir 

(see,  for  example,  [l]  p.  6 36).  Therefore  theorem  1.5  implies,  indeed,  that  • 

matrices  A  and  B.,  j  =  1  ,m  satisfy  assurm  tie:.  1.2. 

J 

Now  let  assumption  1.2  be  fulfilled.  The  necessity  of  tne  condition  i "K 
theorem  1  is  already  proved  in  lemma  i.y.  To  accompl  i  s.h  the  proof  :>f  suff; 
of  this  condition  we  turn  back  to  estimate  '  .  i  ,  fir.oe  vie-  matrix  X.  •  * 
invertible  in  fl(^^),  it  follows  from  (1.1‘  )  that 

|  V  (  o  )  |  ‘  ;  K  ''  |  V  <  ( ■ )  | '  +  |  f  j  •  '  . 


■Ihoosing  the  positive  constant  •  in  i  il )  small  ere  u/'h 


K)  one  obtains 


,’Fw|,'*1pr-  *  K(-Ttr-  ♦%) 


iljuation  (1.18)  (B)  implies,  mat 


K  l!F(  x  )  H‘ 


|  u  |  =  |  X  (  r,  ’  )  v  |  r  K  |  v  |  ,  ar;l  |A;n  i'|  -  |AXf/;r'h 


<  i .  ifl  j 


il  u  (  x  Mi  '  + 


I  :•  '  X  , 


r 


(3.39) 


Res  ilu(  x  )  I!  :  k(  1 g  \ 


uk(x)  ir 

Re  r 


To  prove  the  required  estimate  (!..')  it  in  enough  to  rh-w  taut 
(3.U0)  | Au ( 0 )  | ^  ^  . 


We  consider  the  vector  v^ ^(x)  as  a  function  of  wh«- 


,  i  . 


uni  :•£! 


fixed,  and  denote  Vjj(x,C' )  =  s  v.,(x).  The  vector  function  v  ,  1 x  ,  ’  ' 
the  equation 
(3.U1  ) 


^7  -  UIMn(C’ vTT(x,r,')  =  U|TT:(r/)F(x) 


and  is  an  analytic  function  of  r,  '€S2(  r, !, )  .  Apj  iyir.r  to  (  3.1*1  )  t.he  general 
energy  method  with  the  synmetrizer  R  , ,  *  r, '  ;  =  I  we  get  an  estimate' 


f.|il  v  T.T(x,t'  )  |‘  +  !  v  .  , ;  r  K  |  f.  |  i'  F  (  x  )  1. '  , 


where  the  constant  K  in  i  rule;  <■:;  i<T.'  f  ••  •  €u  1  r.  ’  ,  ]r,|  an  i  Y .  :  fferent .  at  j  r.g  3.  hi 

w i  th  respect  to  s'  one  obtain.-  ;  r.  wa.. 


(  3 .  1*  3  ) 


3v  (0,r,  ’  ) 


3  s ' 


:  h  r,  I  iii".,x 


:  r.  I  ’  |  ill 


.  '•  *  * n <  >t,p 


v T  (  0  ,  r,  '  )  =  V  .  (  1 .  ,  ,  a  , 


,  t  ..  .  » 


vf(0,cf)  an- 


i  v  , 


:.r.*  4  •  •  ;  :  . 


) 


['  Y  /  ’  •• 


i  nof*  ~  X  (  <;  1  )  i i  nv^r?. 


r>7  - 


(3.U5)  |  vT(  0,C  *  )  |2  f  K(  |vIT(0,c')|2  +  |s|2|g|2)  <  K(  |  rj  IIF(x)li"  +  |c|P|r|^). 

Differentiating  (3.44)  with  respect  to  s'  and  using  estimates  (3.4?)  -  (3.4h)  we 


(3.U6) 


3v T(0,C’)  2 

1— -9-- —  <  k( us  «F(x) H  +  uip |g|  ) . 


The  vector  function  u(0,?’)  is  also  analytic  in  &(?q)  and  satisfies 


(3.47) 


— <  K(  Ul  lF(x)  I!2  +  U|2Ui?) 


Note,  that  for  £ 1  =  (w',0)  £  n{r,^) ,  u(0,t,')  £  Vq(u>')  and  Su(0  ,r,' )  -  sg,  -  0 

The  operator  S  is  a  rnonomorphism  on  the  (n~l)/2  dimensional  space  •’>'■( X T  (of  ,0) ) 
and  3  X  (c,')  =  0.  Since  V  (oj')  =  3p(X  (u',0),  X  (w',0)),  it  follows  that 

oo  u  X  ‘  ’ 

(Ker  S)nT/0(w' )  =  Ker  A,  and  therefore  fi.u(0, oj'  ,0)  =  0. 

For  any  b '  =  (u)',s')£  fiU’)  we  have 


Au(  0)  =  Au ( 0 , r,  ’ ) / s  =  Afu(n,r  ’  )-u(  ,o) )/  (  r  •  |  r.  |  J 


vre  is  an  estimate 


C'€Q(C^) 

[dying  (3.47)  we  obtain  finally 


sup  |  (u(0,r,'  )-u(0,o)'  ,0)  )/:■'  |  f  cup' 


9u  ( <>  ,r,  ' 


r,’£fi(  r.^) 


■->  ,  ,0 ,  , p 


|  Au(  0 )  I  S  11  A  11  -  K  (  |r.||K(x)  II  +|f  |  r  r  )/|f  r  r  M  Jr- 


Thun ,  theorem  1  is  proved  completely 


We  consider  problem  (l.l)  only  in  a  neighbourhood  ^(Cq)  with  s^  =  0.  Ti. 
case  Sq  f  0  does  not  differ  from  the  one  described  in  subsection  1.?.  The-  char 
acteristic  polynomial 


|L(X',C,)|  =  l  a,U’)U')j  =  0  with  a  _  (C  )  =  s' -|At|  •  |A 


I1  1  11 


does  not  vanish  identically  for  s'  =0  and  any  real  w  ^  0. 

Let  VlU0}  =  an-2U0)  =  •••  =  =  °’  an-q-lU0}  *  °*  Where 

obviously  q  5  1.  The  X'-matrix  1.(X',Cq)  has  n-q-1  finite  eigenvalues  and  an 
infinite  eigenvalue  X^  =  <*>  of  mult i pi i cit iy  q+1.  The  characteristic  poly- 

(  °o  ) 

nomial  of  the  X'-matrix  L  7 (  A  '  , r  ’  )  =  X  ' !,(  i /X  '  ,r,  '  )  is 


f  U  .  1 ) 


|L^\x',r,')|  =  J  an_,(t')lX'  !' 


and  at  the  point  x,'  -  Cq  it  takes  the  Torn 


\LiCO)(\',Cn)\  =  (V)q+1(Vq-l(r’0)  +-”+ 


ill  nee  the  matrix  L(  X  %  C  q  )  it’  regular,  there  are  matrices  X(r')  =  (,  .X  (  r, '  r, 

and  T(r,’)  analytic  and  invertible  in  and  also  analytic  mat. rices  M1<  i  s.  *  ) 

and  M  ( C  ’  )  such  that  (3.8)  holds .  However,  now  M  {(,')  is.  a  matrix  of  order 

OO  7  CO 

<1+1  i  2  with  eigenvalues  near  the  point  X'  =0.  Hince  the  space 

Ker  I,  ^  ( X  *  =  0,  t, '  )  i  Ker  A  is  one  d  i  mens  i  onal ,  the  matrix  )  may  b<; 

assumed  to  be  a  Jordan  cell  with  the  eigenvalue  X'  =  C. 

Lemma  U .  1  -  The  matrix  M  (  r, '  )  ,  C'€fl,  (  r.  )  may  be  represented  in  a  f'-rm 

-  OO  ’  \  )  \  )  *•  1 


~  59  ~ 


(5.2)  M_(C)  = 


0  M 
0 


(1) 


wi2)U’ 


with  1 ^  =  ( i , 0 , . . .  , 0 )  ,  M^‘ 


where  C  and  E  ({;')  are  given  a;;  in  (  3 . 9 )  - 

The  coefficients  e^?'),  k  =  0,i,...,q-l,  in  Ejt ' )  are  real  for  imaginary 

s'  and  |lm  e0(t’)|  S  6 | Res ' | . 

Proof:  The  matrix  M  ( £ '  ) ,  being  a  perturbation  of  the  Jordan  cell  if,  may  re¬ 

written  as 


M  ( r, ' )  =  j  C  +  i  K  [r/  )  =  i  C  +  i 

oo  co 


The  matrix  E  ( £  ' )  saticfi e«  a  demand  that,  on  any  lower  ding-  in  i  • 
one  function  0(5'),  k  =  0,1,.  ..,<4  (see  [6]  for  detail'.  Th»  ::.n:  r  i  x  1 
as  already  mentioned,  has  for  any  r/  an  eigenvalue  s'  =  0  w;  t  r.  -  r  j 
eigenvector  belonging  to  Ker  A.  Therefore  e  ( r  ’  )  0  and  ’  !,<  mat  r  -  >•  l' 

q 

t  ire  f orm  (  U  .  2 ) . 

For  any  ?'€R(Cg)  and  A'  in  the  neighbourhood  of'  A'  =  (.-,  ,'i.arn 

istic  equation 

( ). .  3 )  |(A'i-McoU'))/i|  =  (AV  ;  \  ( ( > '  / 1  '>-(>> 


I  r  * 

r  ,  ^  1 , 
■1-.1 


e  U  '  ; 


e  (f)  e0(r.'| 


( !+ .  8  j 


6Resl|v  (x)ll'-  +  |v  ( 0 )  l  ‘  -  cjv,  (0) 
t  1 1 ,  f-  '  '  ,  F 


taking  a  scalar  product  of  the  equation  ( ■') .  e  )  (I-;)  with  the  v< 


R  \  C  '  )  dv 


dx 


,  integrating  over  0  $  x  <  »  and  comparing  real  parts  we 


civ 

00 

,  Rev - 

Cl  dx 


TTT 


I  p) 

dv  '  ' 


,  rr‘: '  U1 ) m ' ‘  -  u,’  )■ 


dx 


i  O  \  f  \  C 

>  +  ( V  ‘  ‘  (  0  )  .  R  '  ‘  '  (  r  *  '  V  ' 


r.  \  v 


J7J  Re<Ri‘" 1  (  C  ’  > 


dv 


( 2 ) 


dx  ’  "" 


nice 


denotes  the  inner  product  ir:  I,  ( R 


He*  t  '  ‘  -  •,  ,  Aid£_i_ 


dv 


(?) 


\  b  ' c'  (  rf  1 
»  '  dx 


!.'•!!  ;"  ii 


.,ad), 


+  6.', 


ix 


arrive  at 


6  Res  ;i 


dx  I! 


■Si  + 


S&\‘  -  dv, 


!  lows  f rom  ( U . 6 )  ( 3 )  an  1  ’ )  t 


IN,.  II 


and  therefore 


6  •  II v 


K  li  I  t 


have 


( 0 )  ) 


Adding  (4.8)  and  (4.o)  we  obtain  finally 


(it. 10) 


6 -Res  liv  ,r  +  |  vT  T(  n)  [‘ 


c  |  v^O)  |‘ 


Unlike  the  situation  in  lemma  3.3  the  conditions  (UKC)  and  (UKC)  are  now, 
generally  speaking,  not  equivalent.  However,  one  can  prove  the  following 
Lemma  4.2.  (UKC)  is  equivalent  in  fi(Sg)  to  the  condition  det  C  X  (?')  4  0. 
Proof:  There  is  a  matrix  t^U’)  (  C '£QQ  (  ) ,  Res'>0)  continuous  at  the  point 

C.j  with  U_  (  C  q  )  =  1  providin''  a  r  i  r: !  1  nr  i.t,v  transformation 


-i  Ai  w(r^'  N  U’k 

UTr  U'  )M_,(  r  '  r  '1  =  [  l:L’r  12’r  ] 


where  the  eigenvalues  A  ’  of  N  v(r/)  have  Re  A*  <0  and  those  of  N  T,(c’) 

f  2l 

save  Re  A1  ■-  0.  Similarly  there  is  a  matri  x  ’  ( r,  ’  such  tnat 


(u(2)(c,))“1m{2)(c,)ui2)(c')  =  ^Nll,“(r’  ;  ^ 


‘  r  '  ^ 
?■?  .  <*'  '  ' 


and  the  matrices  U  and  N.  .  „  have  the  same  features  as  the  matrices,  "  and 

oo  lj  ,<*> 

K  respectively.  Defining  U  =  diag(i,Ul?/)  and  U  =  diat-(::..,'’  )  we  introduce. 

;  |  p  co  oo  '  h  co 

a  new  variable  y  =  U  1(c' )v.  The  vec  or  y  is  partitioned  in  the  same  way  as  • hr 
•/"  tor  v.  Equations  (4.6)  (A),  (B),  (C)  with  0  =  0  are  transformed  to  the 

'•  mat  ions 


_  i, |  Ai,f  v 

dx  '  '  V  „  „  )  Jr 


0  N. 


‘‘.nidi) 


Nln  N  x  dy' 
11, 00  12,°°\  _ f 


0  N, 


)  dx 


-  I  r.  I  y (  ‘  -  o 


(C)  |r,|y(l)  =  M(3  ^  u(,’;  -7 " 


The  solution  of  (1.12)  (A)  in  L  (R  )  is  given  by 

yiI,F  =  °»  yl,F(x)  =  exp(k|N11>F(C)x)  yT>F(0)  . 

since  the  eigenvalues  A'  of  the  inverse  matrices  N ,!  and  N,1  have 

11,“  22,°° 

respectively  Re  A'  <0  and  Re  A'  >  0,  the  solution  of  (l.il)  (B)  in  h„(R  }  is 


g 1 ven  by 


yII,“  =  °*  yi,«(x)  =  expUclN^UMxJy^JO)  . 


Finally,  the  value  of  y  (x)  is  computed  with  the  aid  of  equation  (4.11)  (c) 


-.•0  that 


y(l)(0)  =  M(ih(“y(Nh  y  ( 0 ) , 0 }  *  . 
•  00  '  '  00  00  11  , 00  1  ,0° 


'V.ne rally  speaking,  '(0)  is  not  a  continuous  function  of  r f  for  a  given 

(0) .  For  example,  if  q  =  1  and  Re  e.(^')  <  0  for  Res'  >  0,  then 

cc  *  y  i 


y.  (°)  =  yL5Jo)/e0U’)  -V  1/s'  . 


.’•r.nridering  a  "shortened"  vectors  we  have 


h  .  1 2 )  tp(x,!i)  =(ip1(x,  t,)  ,ro?(x,rJ  ....  ,tpJl_1(x,rJ  )y;,(0;  = 


x(c'}:;U’)(y,(x),or 


iere  cp(  x ,  £ )  is  a  general  solution  of  the  homogeneous  equation  (1.1).  The  coir.- 
jnent  y^  does  not  participate  in  tp(x,c)  since  the  contribution  of 

CD 

in  ip(x,s)  is  X^1)y^1)  6  Ker  A.  For  x  =  0,  ip(0,c')  =  X(r.’}!!(r,'  My,  { C } ,  0 

c  OO  oo  I 

(fi(  O.Cq)  =  Xr(^)y  (0).  The  columns  of  Uq)  are  independent  since  i  he 
original"  columns  of  Xt(Cq)  are  .independent  of  X^L4r,;'_)  =  ( )  ,0, .  Thun 
vectors  Jpj  (0,r/  )  ,ip,,(  0,r/  ), . .  .  ,qj„_L(  0,r, '  )  depend  continuously  on  r.' 


and  sat 


iufy  the  orthonormalization  assumption  of  the  definition  (UKC).  The  equality 

=  3  X(V0) 

proves  the  lemma. 

Consider  the  boundary  condition  (U.6)  (D).  Under  (L'KC)  we  have  an  esti- 

rr.at  e 

[k.,3)  |vT(0)|2  <  K ( ! VXI( 0) I2  +  IpI2)  • 

Choosing  the  positive  constant  c  in  (U.10)  small  enough  we  obtain  finally 

O 

( ^ .  1^4 )  Resllvll2  +|vj(0)|‘L  +  |  v  ^  r  C  0 )  |  ^  S  "  +  IH  y  . 

Gince  the  norms  llvll  =  l!X_1u!l  and  II 011  =  ||T_1F!I  are  correspondingly  equivalent 

•  c  the  norms  Hull  and  II  F II  ,  and  |  Au  ( 0 )  |  =  |  AXv  ( 0 )  j  =  |A(X.,Vj(0)  +  X^v^iO)) 

•  mate  (1.2)  follows  immediately  from  (h.il). 

Let  us  now  show  that  (UKC)  is  a  necessary  condition  in  theorem  1.  We  define 
4  .he-  homogeneous  solutions  ( x  ,c ) , . . .  ,ip^  ,  ( x  ,h )  of  equation  (1.1)  t  A  '■  as  aonvo . 

I/-*.  ;:((P  (0,^q)  , .  .  .  .ip^  1  (°»Cq)  )yT(0)  =  0  and  consider  a  homogeneous  solution 

ip(  x ,  f, )  =  (<P1(x,c),M>2(x,c),...,»Pfc_1(x,rJ)yJ(0).  Since  3  cp(  n,r  ’  )  depends  only 

■  r,  the  vector  <p(  0 ,  £  ’  )  and  the  last  one  is-  a  continuous  function  of  r,*  at  the 

t’  =  Cq»  it  follows  that  3tp(0,c’)  tends  to  zero  as  t. '  tends  to  r,^. 

■t;  the  other  hand,  estimate  (l.2)  implies,  that  |Atp(0,c')|  r  K  |  .”tp!  *)j. 

. '  ;  n  ‘  e  the  norm  |Atp(0,C')|  is.  equivalent  to  the  norm  |(p(0,r,')|  ,  if  follows 

•  hat  <p(  (),  r^)  =  0  and  therefore  y^(0)  =  •  >.  Thus,  theorem  1  is.  proved  "onipietely. 


-  (V.  - 

Part  II.  Difference  Approximation  of  the  initial  Boundary  Value 

Problem 

5.  Definitions,  Assumptions,  Statements  of  hesuits. 

5.1.  Burstein  difference  approach.  Definitions  of  stability. 

Consider  the  initial  boundary  value  problem  !0.2)  for  the  care  f  t 
space  dimensions,  r-'i-i  rr!  (0.2)  is  now  -written  as 


(A) 

8u  . 

at  +  A 

+  B  |j7  =  F(x,y  ,t)  ,  x  i  0,  -“-y-*,  i 

•  i  0 

B.i )(B) 

u(x,y ,0 )  =  f ' x ,y ) 

(c) 

Su(0,y,t)  =  g(y,t) 

The  matrices  A  and  B  are  supposed  to  satisfy  the  assuaipt  ions  ■  .:  ana 
We  approximate  the  differential  equation  (5.!)  (A;  by  ec-:u.:  .ed  Burstein  differ¬ 
ence  scheme.  In  order  to  introduce  this  scheme  we  die:  Lite  :t»  the  ;■■■ -e  , 

-»•  y-  <®,  t>0  a  grid,  which  consist-,  of  points  ),  x  ,y  ,t  ;  =  (  vAx ,  ..Ay ,  ,  where 

V  ' 

j,m,o  are  integers,  v  ;  0,  -»•  ,r  o  ;  0  and  Ax,  Ay,. ft  'it-  mesh  s  ;  sec  In  t! 

directions  x,y,t  respectively.  We  assume  that  At 'Ax  and  At  Ay  -is*-.  ■  r.s’s;.- 

let  us  denote  by  E  and  K  the  shift  operators  act  me  n  try  epa  .»  •  i  i.*- 

x  y 

grid  functions  u(x,y,t/  and  given  by  F  u. x,y ,t)  =  m  x+Ax,y,t  ,  rmi 
u(  x,y+Ay  ,t) .  Then  the  Burstein  difference  operator  fur  t  he 
is.  written  as 

■  b.2)  Lu(x,y,t)=u(x,y,t)-[l-2C(K  ,K  !(;,  i  __  +■.  *  '  ’ 

x  j  A  y  y  x 

whore  C(E  ,K  )  =  ^  •  (  K (  E  "+K_  ? '+—  1  •  r  '  +  f- '  • 

x  y  Hi  Ax  xx  y  y  Ay  x  x  y 

lie-  operator  L  includes  obvious  ly  :>  y  j  >werr-  ,  at.  i  :  ..  as:  • 

'."he  boundary  operator  in  •  !  .  ;  I  If')  is  uppt  1  ■:..■■■  •  ■  -  :  by  r> 

per- a t.  j  r 


rwMiTunf  — —UtoMi  ■  ■  —  . 


(5.3) 


i 


Su(x,y ,t ) 


s 

l  Sa(Ex,Ey)u(x,y,t-oAt)  , 


O  ,  V 


where  the  sum  in  the  expression  for  3  is  finite  and  includes  only  n^r.-nega- 

o 

tive  powers  of  E  .  We  denote  by  the  Largest  power  of  Ey  in  all 

o  =  0,l,...,s.  Finally,  the  entire  problem  (5.1)  is  approximated  by  the  i 1 f- 
ference  problem 


(A) 

Lu( x  ,y  ,t ) 

=  At *F( x,y ,t 

(B) 

u(  x ,y  ,0  ) 

=  f(x,y) 

(c) 

:iu(0,y  ,t) 

=  g(y,t) 

with  L  and  S  defined  in  (5.2)  and  (5.3). 

Equations  (5.U)  (A),  (B)  and  (C)  are  considered  at  the  grid  points  x  ,y  , 

a:,-*  in  equation  /5-1*'1  (A)  x  =  vAx,  t  =  oAt  with  vi  1  ,  oil,  so  that  the 

operator  L  is  defined.  We  assume  that  the  matrices  A  and  B  as  we;,  as  the  s  ef 

lent  matrices  S  are  constant. 

o,v,u 

in  order  to  give  a  definition  of  stability  for  the  problem  i  5 .  '* '  w°  ;  s  . -e 

norms  in  the  corresponding  spaces  of  grid  functions.  Let  .  .  x  1  the 

space  of  all  grid  functions  u(  x  )  ,  x  =vAx ,  v  jO  with  i  f  x  .  j  •  ■  at.: 

define  the  scalar  product  (u,v)  =  1  ( u(  x  ),v(x  ))Ax,  where  the  sum  g'e; 

xv  v  v 

over  all  grid  points  x^ ,  and  norm  II  ull  =  u,u)v. 

'.Similarly  we  define  spaces,  £0(y,t),  <  (  x,y  :  and  ..  ■  :<  ,y  ,  t  with  son,  a  r  j  r  ••j 

C. 

acts  and  norms 

(u,v)  =  [(u(y,t),viy,t)  >AyAt.  ,  nun),  t  =  .,u'„  , 

*Y  >  ''  .*  ’ 

(u,v)  =  u(  x  ,y  )  ,  v(  x  ,y  '  )  AxAy  ,  ||,J  '  ,,  =  1  ■; » u  ; 

x ,  y  x  *  »>  x  *  .y 

(u,v)  =  J(u(  x  ,y  ,t. ; , x  ,y  ,+  ■  ■  AxAyAt  ,  li  mi ' .  =  ;  ,,  ,, 

X,y  ,T>  A  ,%y  ,  ■>  1 

The  .'uni:;  in  the  above  definitions  are  tak^n  '«ver  .*•  .r »  i .  -  i  j.  lvi4;'. 


r  '\ 


The  grid  point  ( x  ,y  ,t  )  i:;  called  a  bov  ndurv  point,  if 

v  y  o  *■ 


(5.5  ) 


O'vfm-1  ,  where  m  =  ma/iv  +.  '  . 


"he  number  2  in  the  definition  of  m  in  the  max imu ;  uvree  ,f  ;•  in  t 

x 

difference  operator  E  L  (which  contains  only  non-negative  powers  of  V. 
'liven  a  grid  function  u(x,y ,t)  we  denote  by  u}  ;  x  ,y  ,  t  '■  the  reutri  cti  on  of 
u(x,y,t)  on  the  set  of  boundary  points  ar.d  define  a  norm 

2  - 

ll^lly  t  =  L 1  u  x  >t  •  iU'  x  ,y  ,t :  )  Ay  At 
where  the  sum  goes  overall  the-  boundary  point  r . 

Similarly  for  a  grid  function  f(x,y '  the  restriction  f  x ,y  and  norm 
p  b 

Ilf.  f  are  defined. 

b  *,y 

As  in  [3]  we  make  an  assumption  about  solvabi i ity  of  the  problem  :5 
Since  the  difference  equation  i  5 . b )  . exp  >  an :  1  rovi  Je.-  the  value 
ut  x,y,t)  for  x  =  x  with  v  d  i ,  the  solvability  is  eq..i  va.er.t  ts  an 
Assumption  5.1:  The  difference  operat  ,r  S  ;  0,’r  =  ’•  S  K"  :/  an 

5  5  *  «v 

morphism  in  the  space  t0>y  s  i.e.  the  rw  r :  x  :  ,e‘  ' .  Is  ,  er-  ,  1  .  e  fu 
any  0;,£<2tt  . 

’onsider  the  difference  approx  i  mat  i  a.  '  5 .  with  g  =  K  =  •  ,  k>  repeat 
definition  3.1  in  [  i ]  : 

.definition  5.1.  The  .approx  ima'  1  is  t’ni  :  f  •  -ire  ■  K-  , 

such  that  for  any  <*>«_,  and  all  Ax  nr,  1  ,  v  an 

u 


lie  >1  ,.v  ,t  ||  :  r  jf  ,y  1 


rwi  is  for  all  t  =  aAt  <  0. 


s;r  next  definition  is  a  modi f l  -a*  ; 
1  e  i  n  i  t  i  on  5  •  i  (  a  I  .  The  appr  x  I  ms  • 


„  -<xt  ,  ? 

II  e  u!  x  ,y  , t  ;  ||  :  r 

x  ,.y 


■"  x  11 


f  :  V 


A:;  in  [i]  the  analog  oi'  Dcihume  i. ’ s,  principle  gives 


Lemma  5.1.  If  the  difference  approximation  is  stable  in  the  sense  of 


5 .7),  then  for  the  case  f  =  g  =  0  the  following  estimates  are  va ; i  i 


pondingly 

5-8) 


.  .  “  .  I  II  U  II  i  K  II Fir 

aAt+1  )  u,x,y,t  a  ,  x  ,;/ ,  ’ 


a~aQ\2  ? 

StTlj  11  U  "a 


a,x,y,t 


O  t  A  4  O 

K (  IIF  f  +  lie  ]•’  |l 

a,x,y,t  b  i , y , • 


We  denote  here  by 


-at  „ 

the  norm  lie  u  II 
a,x,y,t  x,y,t 


From  estimate  (5.8)  one  derives  as  in  [  •]  the  foi ; owing,  estimate  for 
case  f  =  0,  p  1  0,  F  i-  0: 


5-10) 


— — iiuir 

aAt  +  1 /  a  ,x  ,y  ,t 


k  ii  Fir 


C*  9  ^  9  Y  9  ^ 


+  ~  ii  gir  ^ 

Ax  i,y  ,t.  / 


■in  1  similarly  ’  t  .<  1  implies 


a_aoYi 


;  i- !  y  1  U  <t  ,  x  ,y  ,  t 


;k(|I  Fll"1  +  lit-  uAtF1  ll‘:!  +(  — 

V  i*»x,y,t  t  »,.y,t  \ Ax 


Lef tuition  5.F.  Let  f  =  0.  i  he  appr  ,x  i  mat  i  or.  is  s'ai  :e  i:  ..'..sea 
an  estimate 


( - -)  Hu"" 

\aAt  +  i  /  «,x,y,t 


*  A 

- -lip  ir 

*■ i  +  :J  »>JV 


-'■.,y,i  ; 


s.t  irate  ( ;> .  !  S  ;  is.  -  .L-v  i<  s.  s  ‘  r  -nger  t  bar. 
simate  •  in  f 

i  <ndirigly,  <  st'rat.  i  .  ,  i  ,  :*>  :  a  •••••  !y  .a 

.■  fin  it  ion  5  .  ?  la1.  The  appr  .x  I  r:;a'  :  ■  r.  1  s  sta: 


t  s  *.  akt  r  th 


Half  :K(f— 

)  ‘,x,y,t  VV  <•'  1  *  )  < 


1 

/ 


ere  !  is  some  linear  operator,  which  depend*'  r.  f,  ar.  i  z  and  act s,  or. 
and  ary  values  or'  u,  i.e.  nr.  the  ton  i  linens  ior.a;  vert.  •• 


e  exact  definition  of  I  will  le  r  i  ven  in  the  next  tertian:'  where  the  pro 
.  1  r. )  is  studied  locally  for  ilr'ferent  iomains-  para  meters  f  art:  z. 

nhail  g.ive  also  locally  the  ne-ec.r-ary  and  sufficient  conditions  for 
t  i  crate  ( b .  i ')  )  to  hold,  ,'in-e  the  j  orator  !  iepeu.is:  or.  f,  and  z,  it  is 


possible  to  for mu ! ate 
We  consi  der  (  ^  . 


.“or  the  original  problem  i  5  • J- )  . 
erti mater,  i.e.  u£i.0(x)  is.  give 


i  K  and 


tv,; 


and  applied  to 


are  the 


vhieh  in  turn  is  equivalent  to  the  solvability  assumption.  Therefore  we  shall 
investigate  the  problem  (5.1*4)  only  for  bounded  values  of  z,  i.e.  in  a  compact 


.-vain  of  parameters  1<  |  z  |  r  |  z^J  ,  0<£<2n.  To  avoid  the  negative  power  E  ‘  in 
K  ,f.,z!  as  well  as  to  simplify  the  notations  we  replace  the  operator 
V.  ,‘.,z )  by  E  zL(E  which  is  denoted  as  before  by  L  : 

XXX 

.  ME  ,f,,z)  =  (z-l)E  +  (C(K  ,?)/2)  •(  (E  +1 )  cos  f,/ 2-1",  E  ,£j  j  . 

X  XXX  X 

•moving  the  symbol  ‘  from  f,u,F  and  g  we  finally  replace  ;  r 
; !,  1  by  a  new  one 


1  -  ■  .  7  y  ~  ■  •*  A 


;UEx,f„z)uio;  =  l  .:v  r.,z=u;.v =  g 


matrices  11  (C,z)  in  { 5 
v 


r.ot  those  appearing  in  v  5 .  i ' • 


f  .  21  )  (A)  differs  from  1-  •  A  •’  by  factor  z  only.  Hence, 

the  bounded  values  of  z ,  each  ne  of  t he  er*  i mater  b  .  , V i -1 r' . 1 9 )  ho  ,  ;r 
ioes  not  hold)  for  both  problem.:'  b  . .  ‘  1  an  1  '  .■  i  :rru  ,  taneous  1  y  . 


The  fauchy  problem. 

hot  us  rep  Lace  in  '  5  .  1  the  di  ffereiu-e  .perat  •  r; 


,  up 

nv  e  an  ■; 


t  y  e'  Then  the  ampl  ificiiti-.n  ::.a’  r :  cp,  •• 


=  !  -Ti  u  tp,f ■  :•  ;  ip  .  )  •  .(f  . '  ''  ip,  '  . 


C(q>,£)  =  (  At  'Ax'  As  i  r.  vp  . 


follow:;  from  strict  hyper!.  .1  ■  1  *  y  t 


ip,f  1  •  di  ag  X  ,  , 


;  r.  -a- zero  ■  except,  the  :a.o-  f  -<p=  , - 


'Jf,  ..-. 


.  us;  denote  a  =  sin<  (p ; ' )  cosi  : 1 ' ,  fi  =  *-•  i n (  ?/eosv<P.'2.: . 

■■e  shall  choose  the  constants  At  Ax  anl  At/ Av  such  that  the  eigenva. 


the  matrix  i  At  A x).-Yi 


wi  .  1  satisfy 


'j !  -  ;  \ 


1  com  now  on  the  fractions  At/Ax  and  A'-,  Ay  vi  11  be  included  ir,  A  and  I- 
respectively.  Therefore  the  eigenvalues  a  ana  b.  of  the  new  matrices 
and  B  satisfy 

v5.25)  ! a .(  <  I,  i b , !  ‘  1  • 


The  eigenvalues  z,  of  0(ip, fj  are  given  b.y 
J 


( 5.2 6 ) 


Z.  =  i-2i  A.  ;:OS<P/P  *'  2  -  .V.'.  . 
J  J 


"hen  |z.]f  =  l-cor,c(  f;/s)ois<  (p/2'-'.‘.  ■  ;  ,  ■'  ,-s  ,s‘  f  ,  ■  tp  ,  ■  - 

t  J  J  i. 1  vj 

p  2  2  o  *;■*  o  ' 

.V  •  u‘'+3  ))  =  1  -  U  A  .  ( s  in4-  (<p/2  ;  a  i  n“  { f.  .  '  +  ;  -  A1-  1  a"  +:•'  ;  ;  ■;  i  — •  .  )-!  h  +  f*‘ 

’-•'ix  j  infix  , mux 

i'r-yr:.  (5.2b)  and  the  last  inequality  ;ne  immediately  uerives. 

.'tatement  5.1.  The  eigenvalues,  z  ,  Injun,  ,.f  the  amp::  id  -at  i  ;r:  matrix  dip,?,  s 
s.atisfy  z^  =  1,  |  Zj  1 5 .1,  j  =  2,3,  furthermore,  if  12.1=1  f,r  ,!:s,  it 


f  A  lows  that  f,=(p=0,Ti  m 

ip  =  t  =  0  there  is  an  estimate 


ana  ii*':.  "  v. .  =  i  .  rc.r  <p  ana  ■  near 


ip  +•• 


is  some  positive  const  ant . 
ond  i  t  Lon  1  5 . 2;  1  is’  ic  r<>  f 


.y  nroliiem  connected  with 


J 


.'onsider  the  characteristic  equation 


5.<?8) 


1  =  0  - 


For  |  z  |  'j  1 ,  z  ?  1  it  has  no  eigenvalues  <  on  the  unit  - 
Equation  (5.28)  as  z  tends  to  infinity,  is  equivalent  t 
n 

<  =  0,  and  therefore  has  exactly  n  roots  insiie  the  unit  c 

of  roots  does  not  depend  on  z  in  the  domain  \z\  ;i  ,  z*..  . 

L' is  regular,  the  homogeneous  equation 


the  equation 


.  re  i  e .  imc  number 


tne  < -matrix 


;-;v /x 


has  exactly  n  independent  solutions  <p  (x,',z>,  cp„(x,  ip  :  x,h,s  • 

if.- 1  msing  to  t  (  x )  . 

Let  us  orthonormai ize  these  solutions  on  the  boundary  points.,  i.e. 

..  nth  .normalize  the  nm  dimensional  ves*  rs 

v.  .  x,‘,Z;  =  <P,(x  ,f.,z)  .  .  ,4).  i  x  ,'.,s  ’,  J  =  ., 

...  1  *  '  J  .1 

'  i  rs'e  ;r. :.  ,  i.e.  in  is.  at  least  the  iegree  .f  ♦.  he  <-::.at.rix  1  up,,-.  ,  the 
•  •'  rs  tp.  are  independent  and  trie  abi.ve  u-thon arma  .  ;  cut  :  r.  may  he  :  -r.e 


I-.  L  ,  Z  .  E  ,  ,  z  [rp ,  ■- -1 ,  u  ,  z  1  ,  .  .  .  ,<P  1 ,  1  ,  ] 


=  l  ■'  /  -,,z  [tp.  ■; x  y.,z; , . . .  ,ipi 


the  uniform  Kreiss  .»  >n.ti  t  i  ,n 
There  is  a  cor, .-'ant  ■'  ■ 


is  :  ■srr.u  .ate  : : 


.has,  'It. 


may  be  a  1  so  form1::  as 


tr.vu  i  net.  ar.  i  genera 


‘he  points.  1=0,  •  •  r.  i 


Itl  +  \z-'. 


:.r  ; ,  r>. 


procedure  i:;  sere rite  :  . 

;  r:  the  differential  cure  * 
she  boundary  operator  . 


iarv  mat  m  x  -  ..  :  .  ••• 


:■?;  me  is 


7  =  [ 


t,  ]. 


el'ine  also  nmxnm  matri  re.- 
or  the  difference  approx i mat i 
jndition  5  ■  1  •  d i nst’ 1  0,1  K e rA 


*  :‘L-  a  !  O  -  i  :jv  i  !.*? 


hir  condition  i s ai a imp  -re  i  or.  matri  x  r  ,  :•  i n  -e  for 


.1  !£  +  V  ■  y  +  •  r 

x  >. 


v roxtir.ate:;  :  t:  .• 


•re  r-«i  ra i  c  e-r 


atrix  r . 


’ r.  Section  6  we  define  a  i  inea: 


:  a  singular  e l  rfer.r  pac* 


tiu  also  that  dim  7, 


rt  iyt :  d  project' 


?nr.  i  ona .  space 


text  condition  is  o  jr.ne-cte 


on  5. 2.  dim;’'  7,  .  )Kert’ 


.>n  lit  ion  looks  a;"  ; 


J->er.  r.  d  iene: 


■  ah  :  e  a  •  -  r  i ;  r.r  ‘ 


•>twf  - 


Theorem  5 • 5 • 


.  f  'UK'-’  and  • .  :r. ;  i  t  i  or.s  T  . .  ai:-i  5._  are  r  at  1  r  i  e  d ,  ’her. 


oblor.  (,  f .  I‘i  )  est  ir.nt 


ileceas  L  • 


.  ;h;  .  is 


ivoint.  =  (  £=£„  ,z  =  i ! ,  which  dues  not  include  the 
C  '  O’ 

’KC  is  satisfied  in  this  neighbourhood  ana  ccnd i • 


ndition  . c  fiords  for  any 


with  (  f, ,  i )€Qi  r>n }  .  if  the  taint  1=0  ,  z=l  belongs  to  dot,,,,  then  add'.tion- 
iy  dim  S(  0 , 1  )KerA=l . 

r  the  case  c  =  i r  ,  1  j  the  formulation  of  the  necessary  conditions  is  more 
0 

implicated  and  is  given  ir.  suose.'tion  9 -  i . 

Let  us  summarize  the  contents  : :  this  part. 


■  n  .  ect.  xor.  h  pm  j  cm  i 


near  1  zeos  an  a  u  x:\ e  ]■  re:  i  rr.  mar  re  s  u .  t  ^ 


:;out  the  eigenvalues  of  the  nx  b  <  , ,z  :  and  about  the  o  1  ugu .  ar  e:Ven- 

■V  ^ 

pace  V  (0  of  the  linearized  matrix  i  s,r,z=i  ■  are  obtained .  in  feet  om 
s’  al  iiity  problem  is  investigut  e-u  ir.  a  ne : ghb'urn  ..od  of  a  :  .rt.  1,,  =  C.' 

'si  sr,  z  =i  .  The  < -matrix  1  k-  ,  f . ,  z  •  is  sings. a:’  for  s=  .  .  To  the  main  prob- 


arising  r.ere  is  to  nrir.g  the  Linear  * -matrix  ..  < 
se  point  z=l .  The  methods  apr .  :  e  i  here  are  similar 
man  We  use  very  much  the  fa  t  that  the  matrix 


. .  i  -  .  >  _ 


r.ay  tie  ;erie- 


;::ted  as  a  product  of  two  K-mat  r  i 
o.rix  behaves  like  the  *  -mat  r !  x  r 


i.  ;  ne  s econo  one  is.  reri.Ki’  at 


1  an ;  .  <  ,  ,  r.  .  me  moo 

■ns  Lie  red  in  the  differentia',  case 


if  the  :  tint 


r.s  ;  1 1  re  j 


’here 


ear  the  same  1 :  :  1 i  u  . .  o.  a.. 


of  t  he  ais  nr  ix  i.v, ,  z 
•on  r .  2  we  "ons.ider  the  i 


■*  -..ri  T  .  The  -u  h-s!  r  .  at  e  b.  -k 


a  mock  MU'!  which  i  .  a  pe  rturbat  .  ■ 
. em  'trims  in  a  nei  rhi  ourh  a  p 


of  a  s  mri 


«T13WS|( 


it  turns  out  that  e  .  (  £  '  )  are  the  coefficients  of  a  Wei  err:  trass  pCi.vnomia,  corres 

i 

ponding  to  one  of  the  equations  (5.26;.  Using  only  the  di ss,  i  rat  i  v  i  ts.  A  the 
difference  approximation  and  applying  the  technique  of  the 

Wei ers trass  preparation  theorem  (see  [9])  we  obtain  sene  ectima;  or;  ab tut  the 
imaginary  part  of  e.  (r,1).  --r,  '.•!.•••  Kreiss  construct  ion  of  a  .tymnet riser 

(see  [2])  may  be  applied  ■ '  ■■  •  y  to  the  matrix  M<  V  ) . 

In  Section  9  we  finally  consider  a  neighbourhood  of  the  point  f,=u , 
z-i.  The  inner  coordinates  o'  =  if, ',z',r'  .  where 


■  C-7T  |  + 1  z-1 1  ,  c  '  =  (  n-£)  •  r,  z'  =  1  are  introduced.  In  subsection 


9.1  the  block  structure  of  the  matrix  L(k,.\,z'  is  investigated  in  a  neighbourho. 


of  a  point  z',0)  with  z  ?0.  In  subsection  9.2  the  singular  case 

0  'j  u  0 

z’  =  0  is  considered.  The  prob  Lems  «;•  is  up;  here  arc  similar  t  those  a  sided 
in  subsection  8.1.  However  now  me  matrix  Mk  ,f.,z )  cannot,  be  represented 
■11.  a  product  of  matrices  L  and  l.p  and  therefore  the  si  *  uat  i  on  is  more 
■'implicated.  In  the  last  subsection  *  ht-om-r  5 • i -5 • d  are  proved  locally. 

in  Gee t ion  10  wc  discuss  the  rivul  ts  ht a  inert  if.  ;  art  I  .  and  !;r. :  p  ss  .  - 
:.l  >■:  generalization  for  other  d  i  f  fet-ciu-e  ap ;  r  x  ;  mat  .  ■  ..ns  with  c:i.  arts'  1 1  ...tic  and 
non-characteri st i c  boundary . 


-  T9 


6.  Preliminary  Transformat ions  and  Result:-. 


.. .  Linearization  of  the  difference  problem. 


The  difference  operator  I,(E  ,4)  in  (5. Pi),  which  is  a  polynomial  of  order 


2  in  E  ,  will  be  written  in  a  form 
x 


(6.1) 


L(E  .?)  =  i  A  (CJEV  ,  A  ( C )  =  0  for  v  ;  2. 


v=0 


Here  m  is  defined  as  in  (5.5)  and  by  c,  we  denote  henceforth  the  pair  (£,,z). 


'0,  considering  L(E  )  as  a  matrix  polynomial  of  order  m,  we  introduce  it;;  Jin 


ear  i  7. at  ion 

(6.2) 


%  .  O/  % 

LIE  ,c)  =  A  irj  +  A  (rjiiy 


'Xj 

where  the  square  matrices  and  A^  of  order  mn  are  defined  as  in  (2.8;. 


The  operator  I,( E  , C )  acts  on  the  :;j>ace  oi'  mn-dimenoiona.l  rr'.n  •.'.••••tor 


(6.3)  u(x)  =  (u^  ^  (x  )  ,u^‘‘  ^  (  x  ) , . . .  ,u'  V"‘  ( x  ) ) '  ,  where  u  '  J '  (  x  )  £  (T 1 1 ,  v  =  .1 


The  boundary  operator  S(E  ,t)  111  (8.22)  ( B)  is  replaced  by  a  nxmn  matrix 


ti.L) 


5(C)  =  lb()U)  ,f-i(  r.) , . .  .  (rj,u,...,dj 


f  u(x)  Is  a  solution  of  problem  22),  then  defining  rr  1  <1  funci  ions 


6 . 1 ) 


u(x)  =  (  U  (  X  )  ,  E  u(x),...,Em  *u(x) ) ,  Fix)  =  l  U  ,  .  .  .  ,1;  ,i'\  X  )  ( 


t't.ain  that  u(x)  Is  a  solution  of  the  protl‘'ii, 


(A)  L(  E  ,L)u(x)  =  ?*(x) 


1  h)  h(r  )x;(0)  =  r 


'!•  protoem  (.0.0;  estimates  ( ‘  ;  i  • . me  ou  rrv: ma  :t,r  , y 


"o'Y  a  ;  ( 

-  I!i»  ll  ;  K  At 


+  ii"  i; 


•  Z  I  ~  *  Z0  *  \-  'V-  ’  / 

— i — r— — j  II u  l!<  i  Ki  At 


r  +  ii  Kir  + 


:  ~  "o 1  V 


I  ••■•!-!■ 


Mil  +  r 


denote  here  the  no  nr.  .in  H.  lx)  :  • 


.  rl*':Ld  c.f  ! 


■  .!'>).  The  norm  )]•’,  I  ir.  '  >  ■ .  '• )  i.  iK'ir.fi  ho  j  \  !■’(  vAx  !  | '  ,  n:. 

a  (b.iy),  original  ly  a-tir.p  ■  r,  <  :  nr-hiry  values  of  u(xi, 

tpri  ;ed  to  the  mn-d  i  mcrio  iotiH  I  vef  or  a!  .  if  -  n.y  •  ...  • 

f (>.  9 )  for  problem  (6.6)  with  nr:  1 1  .-ary  !■!>:'  (:.••.  :  ■  r.  ' 

•  h<*  form  (6.5)) are  equivalent  to  the  correspond  .  tip  •.  ’  . 

.rob  Lem  (5.22).  In  the  following  we  oiiali.  deal  on  Ly  with  problem 
in4  et  (6.7 )— (6.9) .  For  simplicity  of  no  t  a'  ion.'.  w<*  remove  'he  .yrn 
I  r  '.he  above  probl  om  and  estimate.: . 


Preliminary  anaiysi.-.  ol’  the  r-ma1  r  i  x  !.(>  ,t‘. 

To  tiie  difference  •operator  l.(  K  )  uv  i  )  -4. -.-.j  .aidr  a 


l,(t,r, )  -  K  (  o.  —  1  }  I  1  ! 


,6)  -  A  <  +  ’'T,  H  -  Ilf  K  ,f.  ) 


•••••  ,rd  i  nr  to  reprer.enta'  ion  (f  .  i  }  w-  oii-.fT  i.(  ►  a;  a  mat 


-  ill 


of  degree  m.  Then  L(k,^)  =  A^(t)  +  kA  ( i; )  is  the  linearization  of  L(ic,r;)  as 


described  in  subsection  2.2.  Formula  (2.10)  is  rewritten 


8.S 


(6.11) 


E(  k  )L,(k  ,f.  )F(,k  )  =  L(k,C)®I 


(m-1 )n ’ 


where  the  matrices  E(k,?)  and  F(k)  (which  should  not  be  confused  by  the  shift 
operator  E^  and  the  grid  function  F(x))  are  defined  as  in  {2.9). 

In  order  to  study  the  behaviour  of  x-matrices  L(tc,t)  and  f)(<,t)  at-  infi 
ity  introduce 

^( °°)  /  %  t .  ,  .  'x,  ,  .  •x,  ,  . 

h  (<,rj  =  kL(  1/k  ,c, )  =  kAq(;;)  +  A1(?) 

and 


(<•■ 


(k,c)  =  k‘  L(  1/k  ,C  )  =  <  ( z-l  )l  +  (  (k+1)/2)*cos(£/?)A  ' -( C  '  °°  ^ )‘  /;■' 


where 


,(“)  _  n(°°)  ( 


C  (  K  ,  r  -  -  Art  +  :  B 


:*r.  similarly  to  (6.11)  we  have 


H>  F:  (")(r,r)?:(oo)V,r)F(")(^  =  . 


(r.-.l  )n 


rt*  r: 


i  t 


I  00  )  ,  (  CO  ) 

il  ( *c » C )  and  F'  (<)  defined  an  in  (,'.11'). 

Expression  (6.10)  for  Id*:,')  may  U-  ■•ons.  i don -i  a;  a  po 
second  degree  in  C  with  eoeff  i  r  ien’.s  de;,end  i  nr  on  and  i  . 


lyriom  ml 

we  write 


1  -  ( ►  ,  r. }  :  v  ( ■ ' ,  t  ,  r.  .  , 


i  imilarly 


Consider  the  chur.aet  >r  i  si 


-  8;>  - 


According  to  assumption  1.1  the  matrix  C  =  Aa+BB  is  singular  for  any  a  and  B. 

Therefore ,  if  (z-l)ic  =  0,  then  |l(k,0|  =  |  C/2  (*j  (  k+1  )cos  ( 4/p  )  y_c  |  ..  ,  arid  fur 

general  <  and  £  there  is  a  factorization 

',(>.15)  |  L(  k,£  )  j  =  (  z-1  )k  -pU.S), 

where  p(<,i;)  is  a  K-polynomial  with  coefficients  analytic  in  t .  Since 

j  l/  ^(0,5)  |  =  0,  the  matrix  has  for  any  €,  an  eigenvalue  k  =  0 .  Hence, 

;,(k,i;)  considered  as  K-matrix  of  degree  2  has  for  any  r,  an  eigenvalue  k  =  ».  Tig-rt 
fore  the  polynomial  p(<,^)  is  of  degree  ?n-2  at  most. 

.tatement  6.1.  The  polynomial  p(ic,c)  is  regular  for  any  £,  =  ( £,7.)  with  real  f.  . 

: ‘t’oof.  Suppose  that  for  some  C  >  p(<,t)  ”  By  taking  k  =  eJ<P  one  obtains- 

L(k,c)  =  icf  (z-1  )!+?(’  ( i  cos(vp/t  )cos(  £/'<? )  +  f )  1 , 

w :  ,e  t  e 

C  =  A  cos(£/2)s  in(<p/r)  4  H  si  n{  f,/2)c<:.:;((p/2) . 

1  he  matric  C  is  daigonali zable 

C  d  i.  ag  (  0 ,  A  ,  X., , .  .  .  ,  A  j  '  , 

rfitt-rc*  A.  are  real,  distinct  and  non  zero.  Then 

,1 

n-  ! 

’.is)  |  r.(ic,r,)  |  =  x!l(z-.l)  |  I  |  f/.-i  )+;’A .(  i  (io/H  )cor.  ( ?,/;■)+ ■> .  1  1 . 

.  j :  i 

!1. f..< re,  for  some  1  £  ,i  £  n- 1  we  have 

7.-1+?  A  .  (  i  cots  ( sp/  2  }  <*«!-.  (C./2)  +  A.)  -  0  for  anv  <p. 


-  83  - 


If  eos(£/2)  /  0,  then  taking  ip  =  it  we  obtain  z  =  l-2Aj ,  i.e.  z  is  real.  On  the 
other  hand,  for  cp  =  0  it  follows  that  Im  z  ^  0.  If  cos (C/2)  =  0,  then 

2  p 

7,  :  l-2b  .cos  (<p/2)  with  b.  ^  0,  and  therefore  z  depends  on  ip.  The  above  eontra- 
J  J 

dictions  prove  the  statement. 

For  z  t  1  the  characteristic  equation  (6.lM  may  be  written  in  a  form. 


(6.17) 


K  p(k,C)  =  o 


and  has,  generally  speaking,  2n-l  finite  roots  including  the  constant,  root,  <  =  i> 
In  order  to  investigate  the  infinite  spectrum  of  L(k,j;)  we  consider  the  charac¬ 
teristic  equation 


■; « > .  1 8 ) 


l>  ( °°)  /  _  |  m-c  .  i 00  j ,  .i  _  im-<-  ;:i  > . ) ,  ru  _ 

1 1.  U,C)|  -  |<  •  L  (K,rj|  -  k  (K,rJ|  -  0  . 


n-2  .  («) ,  _  u  _  .(m-2)n  , .  (“)1 


j  I  /  ^  (  k  ,  r. ) }  =  |  k‘‘L(  1/k  ,c  )  |  =  r'  “  |  L(  Hr  ,r, )  |  =  (z-1)k(k‘ r‘  'j  (!/*,£,)). 

not  ing  by 

p(0<>)(K,O  =  ,'’n-;,p(l/K,0 


•  -polynomial  of  degree  at  most  2n-2  we  rewrite  equation  ( (» . 1 8 )  for  z  4  1  in  a 


. ,  rtn 

>  •  •  1 9 ) 


(m-?  )n+]  !  00  j ,  „ , 

k  ]>  U,rJ  -  0 


Equation  (6.  ly)  has  a  constant  root  *  =  0  of  mult  ip  1  irity  at  least,  (m-2  )t.-* 
nd  lienee  L(k,0  has  an  eigenvalue  k  =  0,1  of  tdie  same  mult,  ip)  irit.y.  To  the  number 
g  all  roots  (counted  according,  to  their  multiplicity)  of  equation  ( <  .  1 Y  1  t  ogethe- 
t.  he  zero  root  of  (8.  V>)  ir  equal  to  nm. 
i  .t*, -'merit,  f,.2.  Let  r,  =  (f.,7.)  with  z  =  i  and  f,  ?  0,i>  mod.  'n ,  or  with  |z|  ••  I, 
t  1  and  any  0  ;  f  <  2  it .  Then  equat,  i  >r»  (t  .17)  has  tie  root  :  ►  with  |r  |  =  1. 


A,  .4l*a  ■ 


fill  - 


Proof.  Suppose  that  k  =  e11^  is  a  root  of  equation  (6.17).  Then  (6, 

that  z  =  l-2A.(i  cos(ip/2)cos(  £/2)+A .  )  for  some  j  >  2,  i.e.  z  is  an 
J  J 

the  amplification  matrix  G(ip,6).  If  |z|  5  1,  statement  6.1  implies 
cp  =  r,  =  0,tt  mod  2u . 

Statement  6.3-  For  r,  =  £  =  (0,1)  equation  (6. 17)  has  a  root  k  = 

: licity  n-1  and,  besides  the  simple  root  k  =  0,  another  n-1  finite 
|  k.  |  i  1 . 

Proof .  I,et  ^  =  (0,z),  z  ^  1.  Then 

n 

|l(k,c)  j  =  |t(A(ic-l)  ,K,rJ  |  =  <  ( z — 1 )  |  |  H(a  (  (k-1  )  ,k  ,r, ) 

and  therefore 

n  n 

p(k,Cq)  =  TT  ^(aj(r-]),K,r,^)=1_ [  [  a  .  u-i  )  (  r  +  'l -a  .  (  ►.  -!  '  ) 

'*  is  now  obvious,  that  the  equation  j>(r  ,1;  )  =  o  has.  a  root  v  -  ]  -q 

■i-l  and  another  n-1  roots  of  the  form  k  .  =  (a.+J  )/(a.-i  > .  Pit;. a-  a  a 

J  J  J 

rent  from  zero,  |  k  .  |  #0.  Moreover,  accord  inp;  to  statement  .  i  a 

.  -  : 1 ,  1 n+1  ) /2 ,  and  the  rest  of  a.  nerat  i  ve.  "in.—  .  f,  |  j  . 

•i .  r  .  are  d  i  st  i  net  ,  vl .  ■'  ■  .  t  ■'  ■  —  *  ■  .  ,  _ 

’ '  '  0  ‘  t  ,■  1  r:  ,  i  ,  t  | : ;at  .  -  Si  ’ . .  1 1  see  a  ,  -  - 

;  >  :  s  :  t.y  .’n-.1  ana  a  simple,  root  i .  -  ■  ). 

•  ■■  As  in  statement  *•.  1  w<-  ■•onsider  r  =  (it,z|  will  ;•  ^  i.  '.'hen 

|  !.l"  ,r.)  >  -  '  '.-1  I  i  * 

i  -o'Otr”,  at  t.i,e  ;  sint  r,  -  r  ••  pint  i  •  ' 1  .IV)  t  nfc.  :  Me  ♦ 


M  t  i  )  |  e  ]  T  ’  !  .  ■'  1  i 


1  6 )  imj’lie 
e  i  penval  us- 

that  Z  =  j 

1  of  multi 
root  s  ►:  w  i 


'  mu  1 1.  i  [el  i  s 
re  real  ;u;.- 


he  matrix  M  k  ,  f, )  may  he  I'a-'ti  r 

1  I’fd 

I.U.O=-(  1/ 

'  +■-'/ 

1  ^  are  roots  of  the  equation 

?*=> 

,TN 

1! 

0 .  'I:::r:r  forn.Uin 

|r,U,rJ  |  =  const,  s 

x  q  ( 01  >  P  > : 

'  |  ;  •  p,  a  ,(•■  ,  :■  ,  . 

=  -Jk( 7.-1  ) ,  we  derive  from 

(  f  .  !  ‘  ) 

=  const.  ; 

,  then  =  0,  k+ 1  jci  i: 

f,  ■■'.  ), 

(■it  1  =:  ••  !  •  •  i  <  , 

r  ,  ■  (  ■  a  ,1 

s  _  ►  4 

(  a*  )  . 

;/  i ,  (  k  ,  r, )  is  factorized 

1  <*/  i 

i.  iK -  -i  . 

■  .  :+  '  "  >; 

i  + 

some  s  n  as  i  ti  (C».;*0)  ,  ar.  )  i 

•  ,  r,  . 

j  a  pia  •  i » i *  •  \ 

1  «.iO  ) 

I>  it,r.)  = 

i '  ,  '•  -  ■ 1  ■* *'  '  ■  i 

;  * :  .  |  ■  -  a  ,  ,  1  . 

■■  polynomial  p1.  *  ,f,  /  is  (•••r.uiat 

•  :  u  V  r  r  : 

tny  r  •*  , 

f'  An, 3,0)  and  f>  ( a  ,  3 »•  +  ;  /  •  vs 

-r,/i  }  are  "( 

Vfu:ar  ’  -  a  ay 

*  "I'J  V-l/K.Fj  -  h, 


<  P.-,(l/r  i  =  !  ■,.  j  (  -it ,  B  ,  -  ( K  +  i  ) ;a<:'(  f,/V) 


Consider  now  the  K-matrix  I,(k  )  at  the  point  =  if;,]),  i.e. 


=  l  <'/■'  !•!,<+!  cor.  (  f,  /;’ )  1  . 


L’r.e  matrix  C  =  C(k,£)  in  s  Lnrular  of  order  one.  The  matrix  1 1  x  +  .l  )eor.  I  C/Pj-C 


is  regular  for  £,  1  n  and  I,(k,u,.J)  =  I<‘  (<+l  )‘  .  Therefore  !-(>■, r,)  ; r.  inpiular  of 
•s  rtlor  one  for  any  0  $  f,  £  ;;"n .  We  may  apply  to  the  n -matrix  L(k  ,r.  '  the  theory  dev¬ 
eloped  in  Cection  P.  Accord i nr  to  lemma  there  ir.  a  v«"?<  or  function  <p  Ut,B) , 
where  components  are  homoreneoua  polynomial:;  In  a  and  B  of  some  derree  q^-i , 

t.hat  (AotH<g)tp  (a,B)  and  (p,.!  u,B  ■  d  no  vanish  f-,.-  at:;;  •••tt.piex  ■>  and 

:• ,  j  a  j  +  (  B  (  t  C.  Assumption  I.d  lit, pi  ies  a  i  s  ;  that  the  decree  q,.-,  A  equal  t... 
i.~  i  } :? .  Then  ip  (tx,B)  considered  as  a  fanct  ion  of  ►:  f-  r  a  r  iv'-.n  f.  is  a  siriru- 


■d,  function  of  I , ( <  , r, ).  Tiie  derroe  of  tp.  a,B.:  in 


,  s  ir;;c  the 


st  *  erm  of  <  in  <p  (a,B)  ir  >'  tp  (  e  ■.  f/.',  i  si  nth  1  ?  ..  >-r,.  i  v  V  i  f, 

( >  u  i . 

1  ace  spanned  by  the  vectors  <p  (  i ,  f.  f-.-r  f  i  xed  (  ait:  a .  i  r.  i  <  ‘  >,  t  , ’i  its 
•  h»*  vector  ip  (a,B  >  is  net. -sec  !’•  r  ;u.y  >  since  |  a  I  +  |  (■’  |  *  1  f-.-r  any  ►. 


i  i  nr  to  i  enim.a  .  1  ,  dim  V  {  c. 

1 1 

o  vector  tp  a  ,  1  j  ,  where  \ 


:  1 1.+ The  V(v‘  ■  ip  ...  a , t-  i  ; ;  pi-  ■;  .  • , 

'  B .  r  fixed  t,  mod  Pv  *  i  ,•  fane'  ; ,  .r. 


■  x.:  B  is-  a  eonff.nr.al  maipinp  f  t  n»-  .nflnit.<-  ••  rj  :  inr.i  n  i  ‘  .  f.  T 

;>■  space  V  !  f, )  it;  .  |  anti'-i  t.-y  ai.  the  verts-:-  ip:  >  ,  i  /  and  is  i  r.- i «  f 


r  t  1  -  y  n  ,1  n  w* *  ier.  *  - 


1  ,  tp'  a  ,  I- 


t,  (-■■■■  A  an  I  V 


F1(<)(P0(u,B) 


\O.Po)  (PQ(<,C)  =  (M>0(a,&;  ,K(f>0(a,e) '4>0(a,B))'  = 

where,  as  in  subsection  2.2,  we  denote  by  F..  ( < )  the  first  rr.  columns  t  i.*- 
matrix  F(k).  Then  <p  (k,£)  is  a  singular  root  function  of  the  matrix  £(*:,£., ij. 


also  define 


vQU)  =  r.p{ip0(K,rj}  ,  w  e  c 


the  singular  eigenspace  of  the  singular  matrix  L(k,£,1)  of  order  one.  Tt.o  degree 
of  ip  (k,C)  in  k  is  (n-l)/2+m-l.  f'.ince  the  vectors  t?f) ■'<•«,(? )  and  therefore  tp0iic,£ 
t i 1 1  not  vanish  for  any  k  and  C  *  0,  ti  mod  Pv  ,  we  stain  from  1  emma  B.1 


it. p8) 


dim  VQ(C)  =  (n-1 )/?  +  m  for  1,  #  Q,n  mod  2x. 


%  'Y,  %  'Y  'h 

:  t.  is  obvious  that  Vq(o  )  =Ker  A  and  \()(  n )  =  Ker  B,  where  the  nmxnm  mat  rice;-  A 
and  B  are  defined  as  in  subsection 


We  r.hall  build  a  set  of  vert,  r-funct :  ons  in .  (  £,  )  , 


tr.a  i  y  t  i  e  and  independent  for  0  :  f,  C  .’it ,  which  form  a  Basis  of  f  •  -r  any 

r  f!,tt  mod  Bn.  Namely,  by  choosing  ( n-1 )  /;’  di  si.  i  r.r  t  and  not  imaginary  value.: 

•  we  determine 

.  I  n-1}/.’ 


.  i  C )  =  Fj  v  ►'  .it)  np,.l ■  *  ,  ,i 


K  (  F,  )  =  i  COS  {  f, /  B  )  t  A  .  •  \  •  .  1 1  :  '’OS  t  /  .  /  -  A  .  •  •Sit I  '  h  /  I  : 


a  .  ~  ,i '  ►  . ;  f, 


vi.'usly  tj; .(  f, )  is  proportional  U.  tp  '■  >  .  i  •'  ■  , c. )  1‘  n4  h  f  rr 


■P  Ms  and  ij  , 


.1  o  I 

—  <P. 


;  n- 1  .  ’+ir. 

W .  [>■-,  <■ )  -  >•  ‘ 

,tt  nod  :'ti,  aiJ  «  I  £ } »  J  =  i , 
non »  accord  i  nr;  to  corollary 
.  .  ,  (n-1  )/;?+m-l  ,  farm  h  bn: 

o  ,  (d)  =  1  ,  V  .  \->)  ~  r  .  1  >P  •  >  ,  , 


=  (ipQ(-i  ,0)  ,0, . .  .  ,0  ; ' 


1  (  k  )  in  defined  as  in  ."at  ro-y  i. 
now  that  the  vectors  and  v.  . 

% 

I  tile  |-‘iC e  Ker  i\.  1 * * * V 1  .* ;  <  ■  V  e  <  ‘  *  •  y:\  Cf1. . 

re  In.!'*]:  end  or;*,  and  t\  r;:i  a  t  a.-. .  a:‘ 

'I  '  r  re  I  :  >  _  '  1  1  -f  »T  _  '  • .  v 

•  '  ,  .1.  ,  .  .  .  ,  V  I  .  •  .  Ti..  ■ 

r,  i  1  )7(i  +  Ker  A,  wher*-  *  :i*.-  .  un.  . . 

t.  t.he  vector:;  and  u 

a  ’  .  r .  +  n 

a;e  Ker  B ,  am l  all  the  v 

V  the  rum  K  (-l)7..  +  Ker  h. 


i 


The  neighbourhood  of  a  ;  ■  f : ' 


I f  x.,  4  1  .inri  lx..,  I  >  1 ,  the  n'-watr  i  x  Id »-  ,r,  1  Is  regular  ••ir.d  Its  eisvn- 
aos  k  have  |  k  |  4  i,  so  that  the  investigation  of  .-tab :  1  I  I  r.  ju"  trivia: 
re fore  henceforth  we  restrict  ourselves  zo  the  case  c  .  =  !  . 


■  Mock  structure  of  the  k -matrix  )  near  th.e  f,  -  f  „  . 

Consider  the  characteristic  equation  i  >  .  1"  !  at  the  po  Int 
??}  \  e  can  write  it  in  a  form 


*  =  <  !>,,(«,  6,  )is,(a,P  ■<+’-  h’O-  ■  c;  . 


re  a  and  c?  correspond  to  e  and  a:, 
all  the  different  roots  of  equation 
s  s.uci.e  that  .  ,  =  .  Let  <  .  ,  f;  :■  :  ‘ 

t  1  ! 

i ,  it ,  :  with  mult  i pi  ;c  ity  -i .  a! id  f 

i  i 

-i ; i  t  i p  1  j  c itv  i  ,  ’  .  Then 

(;■] 

-  ■?.  +-1-.  ‘  ■'  .1 


are  tMvee  t  v 
r .  :  :  w I • : :  mu  1 ' 


i ,  -  *  + 


■ .  1 1 .  •  I  i.-r  <•  iii.ae  i  on  .at  t  iae  p  i  is 


:  r  i  +  : 


i  it-  ■  >::+  ■ 


a  e-t'  e  -'i'll  :•  t 


i  ‘  ,  1 
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These  projectors  are  obviously  not  defined  for  z  =  1. 

Let  us  denote  by  SI C < . ) >  j  =  0,1,..., t,  a  small  circular  neighbourhood  of 

J 

the  point  k.  containing  the  contour  T.,  and  by  ©(^(k.))  -  the  space  of  vector 
J  J  J 

functions  ^(k^C1™  analytic  in  Q(k  ).  We  suppose  that  all  these  neighbourhoods 

J 

together  with  the  set  Sll^)  obtained  from  ^(kq)  by  the  mapping  k  ■*  1/k  are 
mutually  disjoint.  Using  equivalence  (6.11)  we  can  replace  the  projector  Pj(5) 

by  an  operator  Q.(c)  :  0(S2(k.))  -*■  (£mn  given  by 
0  J 


(7.4) 


Q.U)<P  =  (2iri ) " 

J 


F(k)(L  (.c,c)®I(in_l)n)cp(<)dK 


Then  the  images  of  Q.(^)  and  P.(5)  coincide  when  z  f  1. 

J  J 

Denote  J5(k^,?q)  =  )xS2 ( 5Q) .  Considering  the  factorization  in  (6.20) 
we  obtain  that  s^  and  are  analytic  functions  of  k  and  5  in  Sl(  ic ^ ^ 0 ) ,  and 

(7.5)  s  =  2k( z-1 ) / [ ( k+1 )cos ( £/2 )  ]  +  0(z-l)2  ,  =  -(cc+l)cos(£/2)  +  0(z-l). 

Let  us  consider  the  most  difficult  case  q^^  ^  0,  /  0.  Since 

| si  +  C(k,£)|  *s  pQ(a,e,s)  and  pQ(a,0,O)  =  pQ(a,B,s2)  =  0  for  <  =  k  , 

5  =  5,  it  follows  that  s  =  0  and  s  =  -sp(>c.,5n)  t  0  are  eigenvalues  of  the 
matrix  C(k^ ,5q)  and  the  eigenvalue  s  =  0  is  of  some  multiplicity  p  >  1 .  As 
in  lemma  3.4  there  is  some  nxn  matrix  analytic  and  invertible  for 

<en(<j)  and  5  =  U,l)€fiU0b  such  that 


(7.6) 

where 


(7.7) 


D  1(k,C)C(k,C)d(k,5)  =  diag(H0(K,C),H1(<,C),»2(<,«)), 


01  0  ...  0 

00  1  ...  0 


Nq(k,C)  = 


?1  e2  •••  ep-lJ 
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Here  e.  =  e,  (k,£),  k  =  are  analytic  functions  of  k,£  with 

K  K 

e,  (K.,Cn)  =  0,  the  matrix  N..(k.,£  )  has  the  eigenvalue  -s0(tc.,Cn' 

and  the  eigenvalues  of  the  matrix  Hg(ic  ,5©)  are  different  from  0 

and  -s2(kj,Cq)-  We  may  also  assume  that  the  first  column  of  the  matrix  D(k,£) 

is  equal  to  (pQ(a,3)  -  the  singular  root  function  of  the  singular  K-matrix 
C(k,£)  =  Aa+B0.  It  follows  from  (6.20)  and  {1.6)  that 

(7.8)  D_1LD  =-(l/2).diag(s2I+N0,s1I+N1,(s1I+N2)(s2I+N2))-diag(s1I+N0,s2I+N1,I) 


For  the  sake  of  brevity  we  omitted  the  arguments  k  and  ?  in  the  above  matrices. 
Since  the  first  matrix  on  the  right  hand  side  of  (7.8)  is  invertible,  we  may 
replace  the  operator  Q.(?)  by  a  new  one,  which  is  denoted  by  the  same  letter 


(7.9)  QjUto  =  (2iri) 


-1 


F(K)[D(<,S)*diag((sil+N0)“1,(s2I+NJ  )"i  ,1  )®1  (m_1  )n ]<p( k ) d< 


Obviously,  the  operator  Qj(?)  and  the  projector  Pj(?)  still  have  the  same  image 
for  z  #  1.  Let  us  define 


(7-10)  Qjl)(c)cp=  ( 2tt i ) — 1  0  F(K)[D(<,C)*diag((siI+N0)“1,I,I)«I(m_l)n](p(K)d< 

rj 

(7.11)  Qj2)U)<P=  (2Tri)_1  O  F(K)[D(x,C)-diag(l,(s2I+N1)'1,l)®I(m_1)n](p(<)d< 

rj 


Lemma  7.1.  a)  For  z  #  1  the  space  Im  Q,(?)  is  a  direct  sum  of  the  spaces 

Im  Qj^U)  and  Im  Q^U)  of  dimensions  q^-q^  and  q^  respectively. 

( 2 ) 

b)  For  z  =  1  the  space  Im  Qj  (?)  is  a  regular  invariant  subspace  of  the 

^  ( 2 ) 

K-matrix  L(k,?)  still  of  the  dimension  q^ 
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( 2 )  ( 2 ) 

c)  There  is  a  mnxq,  matrix  valued  function  ' ( £ )  analytic  in  fl ( ) » 


>(2), 


J 


whose  columns  form  a  basis  of  1m  ;(c)  for  any  c£f}(?0),  and  there  is  also  a 

( 2 )  ( ? )  ( 2  ) 

q.  xq,  J  matrix-valued  function  M'  '(t)  analytic  in  Q( Cq)  such  that 
J  J  «J 


(7-12) 


X1(c)xJ2)(c)mJ2)(c)  +  A0U)xJ2)u)  =  o  , 


( 2 ) 

where  m)  '(^q)  is  a  Jordan  matrix  with  the  eigenvalue  , 
Proof:  It  follows  from  (7. 9)- (7. 11)  that 


(7.13) 


Im  Q(l)(c)  c  Im  Q-U)  and  Im  d\2)  U)  c  1m  Q  (?)  • 

J  J  J  J 


On  the  other  hand  the  operators  0, .(C)>  and  Q^.  2^(t)  are  unchanged 

J  J  J 

if  the  unit  matrices  (except  s^I  and  s^ljin  formulas  (7.9)— (7-11)  are  replaced 
by  zero.  But  then  obviously 


(7- lU ) 
and  also 


Qj(c)  =  Qj1}(rJ  +  Q.]2)(c) 


(7.15)  Qj 1 1  ( C )  (Ker  Q*2)(c))  =  Im  Q^U)  ,  Q*2,U)(Ker  Q^U))  =  In  Q*2)U)  • 
It  follows  from  (7.13)  and  (7.lM  that 


(7.16) 


Jm  Q  It)  =  ImQ^’u)  +  lm  (ij?)(l). 


In  order  to  prove  that  the  above  sum  is  direct,  one  should  show  that  the 

'"•'*2  . r'"~“  '"j  ""'"i 


equality  ( t)«P?  =  0  implies  =  Q^UJqo  =  By  (7-15) 


we  may  replace  and  q>2  by  some  ip€c>(ft(< ^  ) )  such  that  C^^UJtp  =  Q^(c)*Pj  and 


( 2 )  ( 2 ) 

Qj  (c)<P  =  Qj  \Z)U>2’  an!^  hence  Qj(s)(p  =  0.  Let  us  denote  the  whole  nmxnm 

matrices  under  the  integral  sign  in  ( 7  -  9 )  —  ( 7  - 11 )  by  L~^ (  k ,£ ) ,  L~1(k,^)  and 

L^CkjC)  respectively.  Then  the  matrices  Lq(k,£)  and  L^U,^)  for  z  4-  1, 
and  the  matrix  L2(k ,5)  for  all  z  are  right  divisors  of  the  matrix  L(k,c). 

Since  the  integral  <j)  LQ1( k  ,£  )tp( k )d«  is  zero  and  L(  k  ,4  Jl"1!  k  ,4  )ip( <  )  is 

^  _x 

analytic,  it  follows  by  lemma  2.4  that  LQ  (k,4)ip(k)  is  analytic  in  C2(k  ). 

But  then  also  (k,4)ip(k)  and  )4>(k)  are  analytic  in  fi(Kj),  and 

therefore  Qj^COtp  =  Qj2^(4)(P  =  0.  The  K-matrix  ( k , 4 )  for  46ft (4Q)  with 
z  f  1,  and  the  K-matrix  L2(k,4)  for  any  4€ft(40)  have  correspondingly 
(2)  (2) 

q.-q.  and  q  eigenvalues  surrounded  by  the  contour  F  .  Therefore  for 
J  J  J  J 

z  f  1,  according  to  remark  2.5,  the  dimensions  of  Im  Q^U)  and  of  1m  Q^U) 

J  J 

(2)  (2)  (2) 

*re  correspondingly  q.-q.  and  q.  .  (Note  that  for  j  f  0,  q.-qv  = 

J  J  J  J  J 

h1’  but  V«o2>  * 

in  order  to  prove  part  (b)  of  the  lemma  one  should  show  that  for  z  =  1 

the  matrix  L2(k,4)  satisfies  the  conditions  of  lemma  2.5.  it  remains  only 

to  verify  that  any  eigenvector  ip  of  L  (k,£)  corresponding  to  an  eigenvalue 

k€£2(k.)  is  not  a  singular  eigenvector  of  L(k,4).  But  the  vector  ip  may  be  writ 
J 

ten  in  a  form  tp  =  F(k)  (D(k,£)®1^  x)n^’  w^ere  the  components  of  the  vector 

<1/  corresponding  to  the  block  NQ  are  zero.  On  the  other  hand  the  singular  eigen 

v,  . 

vector  of  L(k,4)  is  given  by 


<p(  k  ,  £ )  =  F(K)(D(K,£)®l(m_1)n)-(l,0,...,0)'  =  FL(<)ip0(a,e)  . 


Therefore  the  above  vector  ip  is  not  proportional  to  <Pn(*,£). 

(2)  (?) 

Since  the  operator  (4)  is  anulytic  in  ft(4^)  and  Im  Qj  (4)  is  of  the 
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(2)  (2) 

constant  dimension  qj  ,  there  is  some  basis  in  Im  (e),  which  depends 

analytically  on  So  we  define  the  matrix  'U)  such  that  its  col- 

( 2 )  ( 2 ) 

umns  form  the  above  basis.  We  may  assume  that  X.  (c)  =  Q.  (Oy(k),  where 

J  J 

(2) 

*i'(K)  is  a  nrrucqi  matrix  whose  columns  belong  to  k . ) ) .  Then 
J  J 

£0k)xJ2)(u  =  -a1(c)q^2)(c)(^(<))  . 


The  matrix  (c,)  (k'I'(k)  )  may  be  represented  as  X^.2  ^  ( t,  )M^  (  £  ) ,  where  the  mat- 
J  J  J 

,  (2) 

r^X  is  analytic  in  The  matrix  has  in  f2(<.)  only  the 

(2)  J 

eigenvalue  k  =  k  of  multiplicity  q.  .  According  to  lemma  2.5  we  may  assume 
J  J 

( 2 ) 

that  the  columns  of  X^  UQ)  form  a  regular  Jordan  sequence  of  Uk.Cq)  corres¬ 
ponding  to  the  eigenvalue  <  =  k  .  In  this  case  the  matrix  M  (c,  )  is  a  Jordan 

J  J 

matrix  with  the  eigenvalue  k  .  The  lemma  is  completely  proved, 

J 

The  operator  Qj^U),  unlike  Qj2^U),  is  not  analytic  in  Q).  However 
in  the  analogy  to  lemma  3.^  we  can  prove  the  following 

Lemma  7 • 2 . a )  The  space  im  Q.^(t)  depends  analytically  on  r£ft(r  ),  i.e.  there 

J  u 

sts  an  mnxq^  matrix  valued  function  xl^U)  analytic  in  ),  whose 

J  JO 

columns  form  a  basis  of  Im  Q^^U)  for  z  +  1  and  are  independent  also  for 
z  =  1. 

b)  For  C  =  (5,l)€fi(^Q)  the  columns  of  X^^(t)  belong  to  the  singular  eigen- 

J 


exi 


space  ^q(C)  and  for  £  =  they  form  a  singular  Jordan  chain  of  length  q. 

% 

generated  by  the  singular  root  function  cp^(k,^q)  at  the  point  k  - 


(i) 


j 
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c)  There  is  a  a[^  x  matrix  valued  function  M^(e)  analytic  in  ft(c~) 

J  J  J  0 

such  that 


(7- IT) 


+  A0k)x^i:)u)  -  0 


and  the  matrix  '(sn)  is  a  Jordan  ce.ll  with  the  eigenvalue  k.. 

J  ^  J 

If  j  =0,  the  number  in  the  statement  and  in  the  proof  of 

this  lemma  should  be  replaced  by  q^^  +  l. 

J 

Proof :  The  operator  in  (7.10)  may  be  written  in  a  form 

3 

(7.18)  cl1  }U)ip  =  (2Tri)-1  0  F1(x)D(x,at(s1I+NG(K,C))"1®On_p](p(.c)dK 

rj 

where  the  vector  ip(x)  is  now  n-dimensional .  If  we  multiply  the  whole  integrand 
in  (7-18)  on  the  left  by  L(k,s),  we  still  get  an  analytic  function  in  fl(*,,5n). 

Note  that  the  first  column  of  the  matrix  F  (k)D(ic,£)  is  the  singular  root  func¬ 
tion  q>0(ic,£).  Compairing  the  determinants  j  s^I+CU  ,£ )  |  =  s1p()(a,3,sJ)  and 

|s  I+Nq(ic,C) I  =  s1(±e1±e2s^±. . .±e£_1s^_i)  for  (k  ,CQ) ,  one  obtains  that 

the  equation  pQ(a,0,O)  =  0  at  the  point  t  =  is  equivalent  to  the  equation  ^ 

\  ^  1 

e ^ ( k »Cq )  =  0.  Therefore,  as  in  lemma  3-h,  we  obtain  that  e^(<,^0)  =  f^(<)(K-Kj)  1 
where  f^(<^.)  f  0.  Let  us  multiply  the  matrix  s^l  +  Nq(k,£)  on  the  left  by  mat¬ 
rices  E-^ ,  Eg,  E^  and  E^,  where  E0  =  diag(l/s1,l  ,1 , .  . .  ,1 )  for  j  /  0  and 
Eg  =  diag( k/s^ ,1 ,1 , . . . ,l)  for  j  =  0  and  the  rest  of  the  matrices  are  defined  as 

f 

in  lemma  3.h.  We  arrive  at  a  matrix  Nq(k,0,  which  is  analytic  in  J1(k_,£,q),  the 
inverse  matrix  (Nq(k,!;))  is  analytic  for  (  k  ,£,  )€f  .  xfi(  C(1 )  and  for  z  -  i  we 


> 
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(7-i9) 


Therefore 


(7.20) 


(Nq(k,0  )  =  diag^tcJ/e^x.CJ  ,1,1,. . .  ,1)  for  j  f  0 

(N0(k,c))_1  =  diag(  f  (k  )  /  ( ^e^  ( ic  ,£)  )  ,1,1 , .  .  .  ,1 )  for  J  =  0. 


(  Nq(  ic  ,c,0 ) )  1  =  diag((>c-K  j  ,1,1,. ..,1)  . 


Let  us  replace  the  operator  cr  1  (c.)  in  (7. ’-8)  by  a  new  one  which  is  again 
denoted  by  1 ^  U )  : 


(7.21)  Q(11)(c)tp  =  (2-rti)-1 


FiU)DU,UUN0U,er  «0  ]«PU)4k  . 


"he  ".hove  operator  Q  U)  depends  analytically  on  c,  in  Q(cq).  Since  the 

J 

:  **i !  >• :  con  (k,c),  k  =  1,2,3,^,  are  invertible  for  z  ¥  1,  the  operators  in 

K 

8)  and  in  (7.21)  have  for  z  f  1  the  same  .mages  of  the  dimension 


( 7 . 2? ) 


dim(  1m  Q^U)  )  =  q^- 


",  ■  .•  clear  that  the  integrand  in  (7.21)  multiplied  on  the  left,  by  L(r,rJ  bc- 
•>•■■■(■  analytic  in  9(k  ,^q).  it  follows  from  (7.1?)  that  for  r,  =  (S,J)  the  a-e 

q\  '  ( ^ )  is  spanned  by  the  vectors  ip^(k,c.)  with  different,  *.  and, 

therefore,  belongs  to  the  space  V  (4).  As  in  lemma  3.1  we  determine  n-dimen- 
siona.1  vector  functions 

q^-k-l  ,  (1) 

*k(ic)  =  ((k-k  )  ,0,0,. ..,0)  for  k  =  0,1,. ..,qj  -1 


and  h  matrix  tU)  built  from  the  columns  ^(k).  Then  t.he  matrix  X.  ’(r.) 
defined  by 

(7.93)  X(.‘  )(t)  =  Q,.(f  )(7(k  )  )  . 


1 
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Since  QjUqJ^U)  =  jrr 


3^0(k,C0) 


3  k 


K=K  . 


,  the  columns  of  form  a 


singular  Jordan  chain  of  length  q.  generated  by  the  root  function 

J 

iPq(k,C0)  at  the  point  k  -  .  As  already  noted  in  the  beginning  of  this 

subsection,  the  equation  p  (a,8,0)  has  (n-l)/2  roots  k  with  |k|  <  1  and  the 

same  number  of  roots  with  |k|>1.  Therefore  qj^  $  (n-l)/2  and  ^  <  (n-l)/2+l. 

Formula  (6.28)  implies  that  qi^  £  dim  \L(c)  even  for  j  =  0,  and  according  to 

J  ^ 

lemma  2.1  the  columns  of  xi^^s  )  are  independent.  The  neighbourhood  mu* 

j  0  0 

be  chosen  so  small  that  the  columns  of  Xj^(c)  are  independent  for  any  c.£Sl(t0) 

and ,  according  to  (7.22),  form  a  basis  of  the  space  Im  Q^(c)  for  z  ¥  1-  The 
Last  statement  of  this  lemma  is  proved  as  in  lemma  7.1. 

The  case  j  =  «  requires  a  separate  consideration.  Due  to  the  equivalence 
in  (6.13)  formula  (J.h)  is  replaced  by 


(7 


.2h)  Qjcfo)  =  (2iri)-1  l  F(”)(K)[l(m_l)n®Um''2L 


m-2  (“) ,  . ,,-l 


(<,t))  ]ip(  <  )d<  • 


Transformation  (7.6)  is  replaced  by  a  similar  transformation  for  the  matrix 

(oo) 

C  (k,^).  Using  (6.23)  we  change  the  definition  of  operators  m  (7 .9)-(7  .J  )  t 

(7.29)  Q  U)<P  =  (2iri)~1  0  F(ot)(k)|1,  *  ®fo( k,6) 

00  Jr  (m-i)n 


0 


•diag((s,I+N  )  i,(s  I+Nn  )~j',I)k£:~'"v)ip(k) 


-1 


2 -my, 


(7-26)  Q(l)U)<P  =  (2Tti)_1 


O'  ’ v “g*  "i 
(°°) 


F'  'M'hB-Dn™*'0 


0 


•diag(  (s1I+Nf))  k'  ™,  I ,  i  )N]<p(  k  )dx 


MB - 
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(7.27)  Q(2)U)<P  =  (2iri)_1  {  F(oo)(k)[I,  ®(n(ie,£) 

00  Jr  (m-l)n 

0 

•diag(I,(s2I+N1)  1K2-m,lKr  m) ) ]y>(ic )dic 


Lemma  7.1  is  still  valid  with  the  only  difference  that 

(7.28)  dim(Im  Q^^(c))  =  +  1  +  (m-2)p  for  z  4  1  and 

(7.29)  dim(Im  Q^U))  =  +  (m-2)(n-p)  for  any  s€n(C0)  . 

The  presence  of  the  factor  k2  m  in  (7.26)  makes  the  investigation  of  Q^^(c) 

yoo 

more  complicated.  Applying  to  the  matrix  s^I  +  Nq(k,C)  the  same  transforma¬ 
tions  as  in  lemma  7-2  for  the  case  j  =  0,  we  replace  the  operator 

q/^U)  ty  a  new  one,  which  is  again  denoted  by  Q^U): 

CO  00 

(7.30)  Q(l)U)q)  *  (2iri)-1  |  F(  °°)  (k  )D( «  )  [  K2~m(  N*  (  k  ,rj  )  _1®0  ]<pU)d<. 

00  J  m  0  n-p 

0 


The  above  operator  depends  analytically  on  cEft(Cg)  and  has  the  same  image  as 
the  operator  in  (7.26)  so  that  formula  (7-28)  is  still  valid.  We  shall  prove 
the  following 

Lemma  7 • 3 . a )  There  exists  an  mnx  (  q^  tl+(m-2  )p  )  matrix  valued  function 


(7.31) 


^1}(d  =  (^1,1)(c),x(1,2)(^)) 


analytic  in  fi(^n),  whose  columns  form  a  basis  of  Im  C^\c)  for  any  c€il(^  ). 


b)  For  C  =  (^,l)€fi(^g)  the  columns  of  5f^’^(0  belong  to  the  singular  eigen- 

space  ^„(C)  and  for  (,  =  ^  th.ey  form  a  singular  Jordan  chain  of  length  q^  tm- 

U  U  oo 

%(  od) 

generated  by  the  singular  root  function  cp^  (ic,£q)  at  the  point  k  =  0. 


-  .100  - 


The  columns  of  ''  ^(Cq)  form  a  regular  Jordan  sequence  of  x -matrix  ^(x,£q) 

corresponding  to  the  eigenvalue  x  =  0  of  this  matrix. 

c)  There  is  a  matrix-valued  function  M^(?)  analytic  in  0(r  )  such  that 

00  0 


(7.32) 


+  A0(Ox^1}(c)  =  0 


and  the  matrix  ^  (  Cq  )  has  the  only  eigenvalue  x  =  0.  According  to  partition 

(7.31)  the  matrix  may  be  written  in  a  form 

00 

Si1-2*!;) 


(7.33) 


(7.3U) 


^i1 ^ ( C )  =  n  { o  1  ^  ,1  ,  where 

K,2,1)<o  »i2>2)(oJ 

Pff2,17c)  =  M*1,2\o  =  0  for  z  =  J.  . 


Proof:  Let  us  determine  a  sequence  of  n-dimensional  vector  functions 


i|>  (k)  =  (< 

l,k 


q^+m-2-k 


»  {■]) 

,0,0,. ..,0)  ,  k  =  0,1,. . . ,q  '+m-2 


and  p-1  sequences 

=  ^°’Km  ^  R,0, .  . .  ,0)  ’  , . . .  k(x)  =  (0,0, .  . ,  ,xm~3~k 


,  0, . . . ,0) ' ,k=0 ,1 , . . . ,m-3 ■ 


The  sequence  of  columns  {if;.  ,  (x)}  form  a  matrix  V  (x)  and  the  sequences 

-L  ,K  X 

{1 p„  ( x )},...  ,{ij/  (x)}  form  an  nx(p-l)  matrix  V  0(x).  We  define 

t.  p  jK  c. 
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xi1’1^)  =  Q ,  (<) )  ,  xi1,2)(^)  =  Q^UMYoU)) 


and 


3ci1}U)  =  (xi1,;L)(c),  x[1’2)(0). 


(oo) 

Let  us  note  that  the  first  column  of  the  matrix  (k)D(k,£)  is  the  singular 

"v(  oo) 

>-oot  function  '{<,£)).  We  denote  the  next  p-1  columns  of  this  matrix  by 
x  ,  .  x  .  .  x  .  . 

(f0  v  k  ,  f; )  ,(p_  {  k  ,  ^  ) , .  .  .  ,ip  Obviously,  the  last  columns  are  regular  root 

*■  ->  P 

x(  od) 

functions  of  L  (k,£,1)  of  multiplicity  m-2  corresponding  to  k  =  0,  and  the 

eigenvectors  ( 0 ,  £  )  ,«L  (  0 .  r. ) , .  , .  ,tp  (0,£)  are  independent  of  the  singular 
d  '  3  P 

.  *\>  ( «> )  ( i  i  Cl) 

eigenvector  co'  (0,£).  Using  (7.20) ,  where  q.  '  should  be  replaced  by  q  '  +  ;  nr- 

•  0  J  -  CO 


^(l5l)(^  \  porm  a  singular  Jordan 

CO  (; 


k.  by  0,  one  obtains  that  the  columns  of 
J 

1  2 ) 

chain  as  proposed  in  part  b)  of  the  lemma,  and  the  columns  of 

^(  °°^  /  \ 

form  a  regular  Jordan  sequence  of  L  corresponding  to  <  =  0.  Since 

^  £  (n-l)/2,  it  follows  that  q^1 ^  +  m-1  <  (n-l)/2  +  m  =  dim  VQ(£).  According 

to  lemma  2.1  the  columns  of  xjl’^C^  )  are  independent,  and  lemma  2.2  implies 
that  also  the  columns  of  X^^Cc^)  are  independent.  We  shall  choose  the  neigh¬ 
bourhood  fi(£-)  small  enough  so  that  the  columns  of  iJ^CO  are  independent  for 
U  00 

any  £€J2(Cg).  It  follows  then  from  (7.28)  that  the  columns  of  ^  ( r, )  form  a 
basis  of  the  space  Im  (^^(5)  (Q^^Cc)  is  defined  by  (7-i0))  for  any  cEfiCr,^)^. 
The  matrix  is  obtained  as  in  lemma  7.1.  The  diagonal  form  (7.1°)  of  the 

Oo 

matrix  (N  (k,0)  ^  for  2  =  1  implies  that  the  columns  of  X^^(£,i)  belong  to  th 


space  Vq(0  and  the  matrices 


and  satisfy  ( 7  -  3J0  . 


,(2) 


Let  us  return  to  the  operator  0.  '( C )  in  (7-27).  Instead  of  the  notations. 


J 


X^.^(c)  and  m(2^U)  in  lemma  7-1  we  use  for  j  =  «  the  notations  X^2^(t)  and 
J  J  “ 

Sf^2^U)-  Denote  the  whole  mnxmn  integrand  matrix  in  (7-27)  by  {<,!,).  Then 

the  matrix  L^Ikj^q)  has  in  P(kq)  the  only  eigenvalue  k  =  0.  The  corresponding 

eigenvectors  are  linear  combinations  of  some  of  the  last  n-p  columns 

%  .  x  'V  .  x  ^  /  \  /  \ 

(  0 ,  Cq  )  >  •  ■  •  ,4>n(  0 ,  Cq  )  of  the  matrix  F^IOJDIO.Cq)  •  According  to  lemma  2.5  we  may 

assume  that  the  columns  of  form  a  Jordan  sequence  of  L^k.Sq)  corres¬ 

ponding  to  the  eigenvalue  k  =  0.  We  have  shown  also  in  lemma  7-3  that  the  columns 

1  2  )  /  \  %(  °°)  ,  v 

of  the  matrix  ^0  ^orm  a  regular  Jordan  sequence  of  L  (k,£q)  corres- 

ponding  to  k  =  0  with  eigenvectors  (p^v 0 ,£q )  , . . .  ,<p  ( 0 ,  .  Since  the  vectors 

{(ft_  (0,£q)}£_2  are  independent  of  tp^°°^(0,C0)  ,  the  columns  of  ( ^  UQ ) ,  'A'J  '  ( t  ,, ) ) 


form  a  regular  Jordan  sequence  of 
denote 


b“>(K,r,„) 


corresponding  to  k  =  0.  Let  us 


X(1)U)  =  x(1,1)U)  ,  x(2)U)  =  ( x(  1  ’2 } ,  x(2)k)),  x  U)  =  (xf/^U ) ,x(2) U) ) 


(7.35)  =  ^1,1}(?),  M(1,2)(c)  =  (S£1,2)U),0),  M^2,l)(0  =  (O.M^’^U))1 

$f2,2)U)  o  ,  rMi1’1)(c)  , 


m(?»2)(c)  = 


0  N*^(rJ 


,  MU)  = 


M(l,l)U)  ,  M(1’2)U)> 

OO  00 


We  can  summarize  the  above  results  for  the  case  j  =  °°  in  the  following 
Lemma  7 . L . a )  The  columns  of  the  matrix  X  U)  are  analytic  vector  functions  in 
P.(r,n)  and  form  for  z  f  1  a  basis  of  the  space  Im  P  U). 


’r)  For  c  =  (C,1)6^(Cq)  the  columns  of  'U)  belong  to  the  singular  eigenspace 
77  U)  and  for  r,  =  they  form  a  singular  Jordan  chain  of  length  q^1  ^+m-l 
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generated  by  the  singular  root  function  4>q  '(k,£q)  at  the  point  k  =  0. 
c)  The  columns  of  X^(£rJ  form  a  regular  Jordan  sequence  of  cor- 

00  U  U 

responding  to  k  =  0. 

(pi)  ( i  p ) 

a)  The  matrix  M  (5)  in  (7.35)  is  analytic  in  ft(Cr.)  with  M'  ’  '(£,1)  -  M  *  '(£,1) 

OO  (J  00  00 

=  0  and  satisfies  the  identity 

(7-36)  A Q(s)XjO  +  A1(?)Xoo(c)Moo(;)  =  0  . 


Let  us  define  the  following  matrix  valued  functions  (we  omit  the  variable  z, ) 
(7-37)  Xj  =  (xJ1},X^2)),  j  =  0,1,.  ..,t;  Xpi  =  (X-^Xg, . . .  ,Xt) ,  Xp  =  (Xq.X^), 

X  =  (Xp,Xj  • 

According  to  the  partition  of  the  matrices  Xy  the  matrices  X^.X^,  and  X 
are  also  partitioned  as 


(7.38) 


xF1  =  (x£>,  x^),  xp  =  (x^,  x{f2)),  X  -  (x(1),x(2)' 


In  the  same  way  we  define  matrices 


Mj  =  M^W2),  Mf1  =  diag(M1,M2,...,Mt),  Mp  = 


and  the  partitions 


(7.39) 


“pi  =  MF  =  41)*42) 


We  shall  denote  the  matrices  and  M^2,2^  also  by  and  M^2^  respectively. 


The  finite  eigenvalues  k.,  j  =  0,1,..., t,  split  up  into  two  groups:  the  group  1 

J 

which  contains  k.  with  |k.|  <  1  and  the  group  TI  with  |k.|  >1.  Then  the  matrix 
J  J  «] 
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X_  consists  of  all  the  matrices  X.  with  k .61  and  the  matrix  is  defined 
I  J  J  II 

analogously.  The  corresponding  partial  blocks  M  and  M  of  are  determined 

in  a  natural  way.  We  suppose  that  the  matrices  X^,  X^^.  and  M  ,  M  are  also 
partitioned 

(7.^0)  Xx  =  (xj/^.xj2*),  Mj.  =  (mJ1:)©mJ2)) 

and  similarly  for  X  and  M^. 

Let  us  denote 

(7.^1)  T  =  (AxXf,  A qXJ  . 

We  shall  partition  the  rows  of  the  inverse  matrix  T  1  according  to  the  columns 
of  X  and  use  the  similar  notations.  For  example: 

matrix  X^1^  corresponds  to  the  matrix  (T 

Now  we  introduce  the  mnxmn  dimensional  matrices 

(7-1*2)  §  =  ( —  M_ )  ©  I  and  Bn  =  I®(-M  )  . 

OF  1  00 

Using  (7-12),  (7-17)  and  (7-36)  one  obtains  the  following  main  identity 
(7  •  (+3)  L(k,c)XU)  =  T(c)(i£0(c)+KB1(c) )  - 

Lemma  7.5.  a)  The  matrix  X(^)  is  non  singular  for  z  /  1, 

b)  For  5  =  (C,l)€SI(Cg)  the  columns  of  the  matrix  (X^^  ( ?)  .X^1  ^  ( c) )  together 

with  the  first  column  of  Xq^(g)  form  a  basis  of  the  space  ^Q(£).  Similarly, 

the  columns  of  the  matrix  XT^^(c)  together  with  the  first  m-1  columns  of  X^^(t) 

I  00 

form  a  basis  of  Vq(£). 
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( 2 ) 

c)  For  C  =  (£,l)€ft(Cg)  the  columns  of  X  {t.)  are  independent  of  the  space 
V g(C)  and  therefore  independent  of  the  columns  of  X  ^(c).  Hence,  the  columns 
of  the  matrix  X^tc)  =  (Xj^(c),  X^^(c))  are  independent. 

Proof.  Since  the  columns  of  Xj  ( t; ) ,  j  =  0,1 , , . .  ,t  ,<*>,  form  for  z  ^  1  a  basis  of 

the  space  Im  ( z, ) ,  the  first  statement  of  the  lemma  follows  from  the  spectral 
theory  of  regular  linear  A-matrices.  As  shown  in  the  beginning  of  this  subsec¬ 
tion 

r  (1)  _  r  (1)  A  (1)  _  n-1 

~  i  ^  +  ^  "  ~2~  ' 

I  J  II  J  ^ 


where  the  sums  J  and  J  are  taken  over  j  =  0,1,..., t,  with  k  belonging  reap- 
I  II  J 

tively  to  the  groups  I  and  II.  Then  the  matrix  (X^ ^ ( £ ) ,X^ ^ ( £ ) )  has 

to  these  columns  the  first 

column  of  we  obtain  sequence  of  (n-l)/2+m  vectors,  which  consists  at  the 

point  c  =  c0  of  singular  Jordan  chains  generated  by  the  singular  root  functions 
iPq(k,{;o)  •  Then,  according  to  (6.28)  and  corollary  2.1,  these  vectors  form  a 

basis  of  the  space  ^q(Cq)*  If  the  neighbourhood  £2(Cq)  is  small  enough,  the 

statement  in  the  last  sentence  remains  true  when  t  is  replaced  by  any 

c,  =  ( C,1  )€fi(  Cg) .  In  the  same  way  one  proves  the  second  statement  of  b).  Accord- 

(2) 

ing  to  lemmas  7-1  and  7-^  the  columns  of  X'  VCq)  form  a  regular  Jordan  sequence 

of  the  k -matrix  LU,?q).  By  lemma  2.2  these  columns  are  independent  of  the 

singular  space  ^(Cq)-  Again,  if  $2(c  )  is  small  enough,  the  last  statement  is 

true  for  any  Z  =  U,1  )£U{kq)  • 

* 

Denote  T  (c)  =  (z-l)T  (c).  The  rows  of  the  matrix  T  (^)  are  partition¬ 
ed  according  to  the  matrix  T  ^(c).  Analogously  to  lemma  3*6  we  have  the 
following 


V  '■I 

I  qj 

II  J 


+  m-1  =  (n-l)/2 


r 


m 
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Lemma  7 • 6  a)  The  matrix  valued  functions  T  1(^)  and  (T  ^(j;))^2^  are  analytic  in 

>_!  d) 

b)  The  last  row  of  the  matrix  (T  AiO).  ,j  =  0,1,. . .  ,t,<»,  is  non-zero. 

^  J 

Proof.  The  analyticity  of  T  "^(?)  follows  as  in  lemma  3.6  from  stability  of  the 

Cauchy  problem.  We  should  merely  replace  the  functions  tp .  ( X '  )  by 

J 

<Pj(k)  =  | KI-Mp(^ ) | /(kI-Mj ) |  for  |K  |  <  1 
<Pj(k)  =  K_1|l-ic_1MF(?)|*|M<xj(0-K~1l|/!l-<"1Mj(c)|  for  |k  |  >1 

and 

(PJk)  =  x“1|i-x“1mf(c)| 

and  integrate  X(  t; )  (Bq(  t;  )+kB^(  X, ) )  ^4>j(k)T  around  the  unit  circle  |k|  =1. 

Let  5=  (C,l)€fi(5Q).  As  in  lemma  3.6  we  have 

Im  T_1(?)  =  Ker  TU)  • 


'Xi  % 

Let  us  fix  some  <  different  from  the  eigenvalues  of  the  x-matrix  BQ( C )+<B^( C )  for 
any  c;€I2(Cg)-  Then  we  obtain  from  (7-^3) 


T(0  =  L(x,c)X(c)(B0(c)  +  <B1(.i;))  1  . 

Let  v€KerT(^)  and  u  =  (fcQ(c)+  ^Cc))_1v.  We  suppose  that  the  components  of  the  vec- 

f\, 

tors  u  and  v  are  partitioned  according  to  the  columns  of  X(i;).  The  kernel  of  L(x,t) 
consists  of  vectors  4)  =  F1(k)<p  ,  where  (p€KerL(<  )  =  Ker(C*  ( Sgl+C) ) .  Since  the 
matrix  s^I+C  is  invertible  at  the  point  (k,0  and  the  kernel  of  C(k,£)  is  spanned  by 
4>n(a,B),  we  obtain  that  the  above  vector  4>  is  proportional  to  4>n( <  )€^n(  £ )  •  There- 
fore  X(  c  )u€^n(  C )  •  Since  the  columns  of  X  (c)  belong  to  ^  (£)  and  those  of  X  r“  (O 
are  independent  of  V  (£),  we  conclude  that  u  =0.  But 


,( 2 ) 


kI-m£2)U) 


-kM 


0 

(2) 


U)+i 


u(2)  =  0 


and  hence  (T  "*'(5))^^  =  0.  Therefore  (T  ^  is  analytic  in 

Part  b)  of  the  lemma  is  proved  as  in  lemma  3.6. 


Let  us  consider  problem  (6.6)  in  the  neighbourhood  ft(t0)  of  the  point 

Cq  =  (C0»l)»  where  £q  ^  0,n  mod  2n.  We  remove  the  symbol  a-  from  u  and  F  and 
write 

x 

(A)  L(Ex,Ou(x)  =  F(x),  x  =  vAx,  v  =  0,1, —  . 

(7.UU) 

(B)  S(?)u(0)  =  g 

Denote  v(x)  =  X  (t)u(x),  G(x)  =  T  1  (s)F(x)  •  We  suppose  that  the  components 
of  the  vectors  v(x)  and  G(x)  are  partitioned  according  to  the  columns  of  X(c) 
and  use  the  natural  notations  for  the  partial  vectors.  Problem  (7  ,UU)  may  now 
be  written  as 

(A)  (Ex-Mp(c) )vF(x)  =  G?(x) 

(7.1*5)  (B)  (I-MjOEjv  (x)  =  G  (x) 

00  X  00  OO 

(C)  S(c)X1(c)v1(0)  +  §((c)XII(c)vII(0)  +  0)  =  g 

Define  symmetrizers 

Rf(U 


■Rj(c)  0 

0  H  U)J  with  R^c)  =  -Cl,  Rn(c)  »  1, 


where  c  is  a  positive  constant,  and 

R  U)  =  I- 

OO 

We  may  assume  that 

M*U)MtU)  S  (1-6)1,  M*(i;)Moo(^)  .<  (1-6)1  and  <;  )Mn  ( C )  >  (1+6)1. 

*)See  footnote  in  subsection  3.2. 
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Then  the  symmetrizers  Hp(c)  and  R^tc)  satisfy 

i',’.U6)  NL(i;)RF(^)MF(c)-RF(c)  i  61  and  r  )  >  61. 

Here,  as  usual,  we  denote  by  6  different  positive  constants. 

Let  us  apply  to  equation  {'( .hr>)  (A)  the  generalized  energy  method  with 
* ne  symmetrizer  R„.  Namely,  multiplying  equation  (7-^5)  (A)  on  the  left  by 

r 

H,,(-E  in  the  sense  of  the  scalar  product  in  £„(x)  and  taking  real  part 

i-xFF  F 

one  obtains 

<(MFRFMF_RF)vF’VF>  +  v*(0)RpvF(0)Ax  =  -Re^UytM^v^G^. 

Now  it  follows  easily  that 

(•■.47)  6  •  II  Vj_.ll?  +  (  |  vT  7  (  0 )  I  '’-c  I  vT  (  0 )  !  )  Ax  f  K*  ICF  {  . 

.'imiiarly,  multiplying  equation  (7 .  U  r> )  (R)  on  the  left  by  Rw(  I+M^E  )  and 
‘.■thing  real  part  we  have 

*  * 

<(R  -M  R  M  )K  v  ,E  v  >  -*■  v  ( 0 )  R  v  (  0 )  Ax  =  Re<R  {  I +M  K  )v  ,i  > 

oo  oo  ao  oo  x  oo  ’  x  oo  oo  aoao  oo  ao  X  ^  00 

•n:d  therefore 

; .  *8 )  6uf:  v  u'  +  |v  (o)j‘Ax  f  k  if;  if. 

X  oo  1  od  oo 

?  P  P 

Ailing  (7.^7)  and  (7-^8)  and  UJJintf  that  (|v  (|  =  11K  v  /  +  v  (OjI'Ax  we  arrive 

oo  11  x  oo  "  oo  1 

..it 

f'7.UQ)  6  il  v  H  ‘  +  (|vj,(0)|‘  +  j  v^t  0  )  j  ‘  -c  |  vf  (  0)  |  ‘  )  Ax  t  K  ||G  if  . 

;  ,emir,;t  7  ■  7  •  The  condition  ( IJKC )  in  the  neighbourhood  U(f,  )  is  equivalent  to 
•  i."  condition  det  ¥  o. 

Proof:  The  general  solution  of  equation  (7  Jih  )  (A)  for  F  =  0  is  given  by 


-  109  - 


<p(x  ,?)  =  ((p  (x  ,?)  ,<p9(x  .  ,4>  (x  ,?))v  (0)  =  X  (e)M^U)v  T(0)  . 

v  lvcrv  n  v  I  111 

The  nm-dimensional  column  vectors  <p  (0,0,  j  =  l,2,...,n,  form  the  matrix 
X^.(0  and  are  independent  and  analytic  in  Therefore  the  matrix  N(£,z) 

in  (5-30)  may  be  identified  with  S(c)Xj(t).  So  if  det  N(£,z)  3  6  for  any 

C£fi(r  )  with  |z|  >  1,  then  det  S(5q)Xj(5q)  f  0.  Choosing  ^(Sq)  small  enough, 
we  obtain  that  the  converse  in  also  true. 

Now  we  are  able  to  prove  estimate  (6.7)  with  |zq|  =  1.  Let  (UKC) 

be  satisfied,  i.e.  det  S(^q)Xj(^q)  #  0.  Then  it  follows  from  (7-^5)  (C)  that 

(7-50)  |  vT  ( 0 )  |  s  K(  |v.j-I(0)  |  +  |  voo(0)  |  +  |g|). 

by  setting  the  constant  c  in  (7.1+9)  small  enough  one  obtains 

il v || ^  i  K(  || G || "  +  |g|' Ax)  . 

II T  1  (  ^  )  F II  ^  ■ --  —  and  ||u||‘  =  uxUWif  <  K  ||v  we  derive 

I z-1 1  ‘ 

Hull2  <  k(  V,  +  |g|2Ax) 

VM|2  ' 


Cince  IICII2  = 
an  estimate 

(7.31) 


which  is  obviously  stronger  than  (6.7)  for  |zg|  =  1. 

Let  us  now  prove  in  ft(tg)  the  sufficiency  part  of  theorem  3-3.  We  define 
the  operator  P  in  (6.9)  for  d€sKdg)  as  equal  to  the  projector  ft(£)  in  (6.3 0) 
Introduce  grid  vector  functions 


A(2h,  ,,  . \  ( 1 )  (?)■ 

,  v  )'  =  ( (z-l)v  , v 


■  ((z-oc.u) 


Tiien  equations  (7.^5)  (A),  (B)  may  be  written  as 
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(7-52) 


where 


(A) 

(Ex-MFfc))vp(x: 

II 

O  > 

X 

(B) 

(I-MU)E  ) v  ( x )  =  G Jx) 

oo  X  00  00 

rMil)(c) 

00 

MJC)  = 

M^2’1)(0/(z-1) 

v{2.2) 

00 

U)*(z-1) 

U) 


(2  2. ) 

According  to  part  d)  of  lemma  7.k  the  matrix  M  ’  (0/(z-l)  is  analytic  in 

The  matrix  M  (O  has  the  same  eigenvalues  as  M  (t).  Hence,  there 

U  oo  oo 

exists  a  summetrizer  R  (t.)  such  that 

OO 


R  U)  -  M*U)R JOM  U)  5  61  and  R JO  5  1  . 

CO  CD  OO  CO  OO 

Applying  to  equations  (7-52)  the  generalized  energy  method  with  the  symmetriz- 
ers  Rp(0  and  R<n(c)>  we  get  in  analogy  to  (7-^*9)  an  estimate 

(7.53)  fillvll2  +  (|vII(0)|2+|Coo(0)|2-c|vI(0)|?)Ax<  K(  IIG  if). 

According  to  condition  5-2,  dim  £  ,1  )^Q(  £ )  =  (n+l)/2.  Since  the  (n+l)/2 

columns  of  the  matrix  S(£,l)Xj^(t,l)  are  independent,  they  form  a  basin  of 
the  space  S(  £  ,1  )V^(  £ ) .  Then  using  (UKC)  we  obtain  as  in  (7-50)  an  estimate 

(7.5**)  |  Vj  ( 0 )  |  s  K(  I  V1T  ( 0)  | 2  +  JvaB(0)|r  +  |g|2)  . 

Choosing  the  constant  r  in  (7-53)  small  enough  we  arrive  at 

|  v(  0 )  |  2  Ax  g  K(llCli‘  +  |  g  i  ‘A>: )  . 


-  Ill  - 


||(i(l)ll?  =  !l  (T  1(C))(1)KII?  <  K  I  !•’  J ' 


•o  that 


/  O  \  o  _  t  (  O  \  O  9 

II  (,  Ml  ‘  =  II  (T  hor  'f«  *  KllFil 


|v(0)|2Ax  *  K(ll  F  II2  +  I  g  I  2 Ax  '  . 


|  P  (  ^. )  u  ( 0  )  I  2  =  |P(OX(1)(c)v(l)(0)  +  pU)x(2)U)v(2)(o)|2  <  k|v(0)|2, 
\vU)u(o)[‘\x  <  ( II Fill.  +  leilM  \ 


z  -1  Z  -1 


Adding  the  last  inequality  to  (7. SI)  and  replacing  bX  |'z]-’l  we  arrive 

finally  at  estimate  (6.9). 

Consider  problem  (7.U)  with  F  =  0  and  let  the  estimate 

ii u  if'  i  k  y^-jq[-j  I e I 2ax 

any  | ::  |  j  |  z(  |  =  Itu  Ax  with  a,  •<>.  obviously,  estimate  (7. 56)  is 
A-’iK.e:’  than  estimate  il>.h).  d  e  shall  show  that  ( UKC )  is  then  satisfied  in 
•  1  indeed  if  o(r  1 X  ,  (  r  W.i'O)  =  0  and  v,(0)  *  0,  we  define  for 

'0  i  ’U  J 

t  ,7.  )€n(  t.  )  a  homogeneous  solution  of  equations  ( 7  -  '> )  (A),  (B)  as 


u  (  x  )  =  u(x  ,;0  =  X ,() ,z)m'’(L,z)v  (D). 

\j  V  1  U  I  1  I 


u  (  x  II  ;  1. 1  v  .  ( 1  ■  '  |  A  x  and  |  *(  6, ,  ,7.  )  u  (  '■ ,  /,  )  |'  :  K|e-1|‘ 


|v:'-  'I’  :  J1— 


s'  i  t  i  V  w  ;  th  I  , 
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Taking  z  =  1  +  2«qAx  and  Ax  tending  to  zero,  we  obtain  that  v^(0)  =  0. 

To  accomplish  the  proof  of  theorem  5.3  one  should  show  that  if  estimate 
(6.9)  is  fulfilled,  then  dim  S(co)^q(Cq)  =  (n+l)/2.  Consider  problem  (7.^) 
with  g  =  0.  It  follows  from  (7-52)  that 


II' 


v=0 


(°)  =  -  l  Mir1(;)GTT{x«)  and  VJ0)  =  l  M«<5)GJ*,)  • 


■*TT  '  ** 

II  v 


v=0 


For  fixed  F£Jl  (x)  we  consider  vTT(0)  and  v  (0)  as  functions  of 

d  II  oo  0 

and  denote  them  by  v^O,*;)  and  v^O.O-  Since  the  matrix  S(sQ)X  (^  )  is 


invertible,  the  function  v^.(0,c)  may  be  computed  with  the  aid  of  the 
boundary  condition  (7-^5)  (C).  Then  v^'\o,c)  and  (z-l)v^^(O,^ )  depend 
analytically  on  ;€n(c0).  The  vector  ( vjj }  ( 0  ,r  ) ,  v(l)(0,cJ)’  is  given  by 


(7.56)  (v^)(0,c0),v^l)(0,c0))’  =  Q(F)  =  l 

v=0 


0 

1  1 ^  (  r  ) ) 

II 

0 


-1 


-M^)(c0)(^1(C0)) 

_  ^Uq))^ 


(1) 

II 


F(x 


We  consider  Q  as  a  linear  operator  acting  on  the  space  l^{x)  of  grid  vector 

functions  with  values  in  <Tm  d  (n  l)/2^  Analogously  to  lemma  3.7  we  have  the 
following 

Lemma  7 • 8 .  The  operator  Q  is  an  epimorphism. 

Proof :  The  space  Im  Q  is  obviously  an  invariant  space  of  the  matrix  (Mj^(Cq)) 
®  M^^(5n)  containing  the  image  of  the  operator 

OO  (J 
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["Mii)(co)(^'"1(?o))iT)  ’  ^1^o))i1)]'  ' 

Since  the  matrix  (Mj^(Cq))  1  consists  of  matrices  with  different 

eigenvalues  «  ^  ,  the  space  ImQ  is  a  direct  sum  of  invariant  subspaces  of  mat- 

O 

rices  \  containing  respectively  the  images  of 

j  0  oo  0 

'(r,,,)(T  and  of  (m  1  (  ’  , ) )  ^ 1 '  .  According  to  part  b)  of  lemma  7.6  the 

0  0  j  0  <» 


last  row  of  the  matrices  (r.Cj)(n'  ( r. . "■  ’ 


TV J)(1!  l. 


non-zero.  Recal¬ 


ling  that  Mj  '  UQ)  is  a  Jordan  cell,  one  can  prove  now  the  lemma  without  diffi¬ 
culties  . 

Let  us  write  the  boundary  condition  (7-’45)  (c)  in  the  form 


sU)x(1)U)v(1)(o,<;)  +  £U)xl2jU)vl2;i(o,c)-U-i)  =  0  . 


suppose  that  £( )X^ 1 ^ ( ?0)v^ 1 ^ ( 0,^Q)  i  0.  Then  v^(0,rj  =  0  ((z-l)  1)  (we  de¬ 


note  f  =  0  (g)  if  0  <  6  s  |f/g|  £  K).  Since 


?*(5)u(o)  =  p(0(x(l)(Ov(1)(o,e)+x(2)U)v(2)(o,t;)) 


*  0(v(l)(0,^))  +  0*(v(2)(0,O)  =  0*((z-l)  1), 


taking  z-l  positive  we  arrive  at  a  contradiction  with  the  estimate 

|PU)u(0)|2hx  <  K  II F  ||2 . 

Therefore  S(tQ)X^(c0)v^(0,£;0)  =  0.  For  suitable  according  to  lemma 

7.8  we  may  obtain  any  value  of  the  vector  ( vjj ^ ( 0,r,Q ) , v^1 ^ ( 0, Cq) ) ' •  Since 
the  columns  of  X^\cQ)  span  the  space  ^Q(  f,n ) ,  the  space  f(( £n)  is 

spanned  by  (n+l)/2  independent  columns  of  the  matrix  S(  C^x|  (r,^),  Thus,  theorem 
8.3  is  proved  locally  in  fi  (  C  q  )  - 


-  Ill  - 


8.  The  neighbourhood  of  the  point  =  (0,1). 

Let  us  introduce  the  notations 

(8.1)  r  =  /|c|2+|z-l|^  ,  =  ^/r,  z'  =  (z-l)/r,  V  =  U',z',r),  x '  =  (x-l)/r  . 

By  Cq  =  (Cq»Zq,0)  we  denote  a  point  with  real  coordinate  Cq  and  complex  z^ 

satisfying  Rez^  i  0  and  =1.  Then  Q(£q)  denotes  a  neighbourhood  of 

3 

in  the  three  dimensional  complex  space  (I  of  points  =  (£*,z',r),  and 
ftp(Cg)  consists  of  points  with  real  positive  r  and  complex  z'  such 

that  |?|  =  |l+rz'|  >  1.  By  ft(Cg)  we  denote  a  neighbourhood  of  the  point 

=  (0,1)  in  the  two-dimensional  complex  space  of  pairs  £  =  (f;,z)  and  9p(t;n) 

consists  of  points  ^€ft(cQ)  with  real  E,  and  jzj>l.  To  any  point 

V  -  (£'  ,z'  ,r)€<T  and  any  complex  x1  correspond  £  =  (£,z)  and  x  given  by 

(8.2)  E,  ~  S't,  z  =  1+rz 1 ,  x  =  1+rx’  . 

We  consider  problem  (6.6)  locally  in  a  neighbourhood  £2(Cq).  Then  one  can  sel¬ 
ect  a  finite  number  of  such  neighbourhoods,  which  cover  some  neighbourhood 

3.1  Block  structure  of  the  x -matrix  L(x,c)  in  a  neighbourhood  ^(lg)  • 

According  to  statement  6.3  the  characteristic  equation  xp(x,tg)  =  0  has  a 
root  x  '='  1  of  multiplicity  n-1,  a  simple  root  x  =  0,  and  n-1  different  roots 
x.  =  (aj+l/(a^-l)  for  j  =  2,3,...,n.  Equation  (6.19)  has  for  any  ^€n(t.g)  a 

root  x  =  0  of  multiplicity  (m-2)n+l.  Therefore  x^  =  °°  is  an  eigenvalue  of 
Ii(x,c)  of  the  above  multiplicity.  In  order  to  describe  the  roots  x  near 
x  —  1  as  Zj  tends  to  we  introduce  x' -matrices 

C'(x',C')  =  C(x,fJ/r  =  Aa'+BR’,  where 

(8.3)  a’  =  a'(x\r)  =  x’cosU/2),  8 '  =  8'(x\£')  =  i  (x+l)sin(Cr  /?  )/r. 


.1  :i 


L '  (  k  '  ,  r/  )  =  L(K,c)/r  =  z'K  +  C'U'.S*)  (~  cos  U/2)-fc  (K* >e*  ) )] 


V 


The  values  of  £  and  k  in  (8.3)  are  given  by  (8.2).  Obviously  L' (<',£')  is  a 
matrix  polynomial  in  k'  of  degree  2  depending  analytically  on  the  parameter 

C'€fi(c').  For  r  =  0  we  have 

0 


(9.1+) 


C'(k',V)  =  Ak'  +  BiC  and  L*(<',^')  =  z'  +  C  ’  (<’,?’  )  . 


Using  factorization  (6.20)  one  obtains 


(8.  S : 


L'U’.C')  =  -(1/2)(s*I+C')(s2I+c: 


where  s'  =  s  /r  depends  analytically  on  k'  and  and  depends  analytically 


1  1 

on.  k  and  ?€ fiUQ).  From  ( T  -  5 )  we  get 


si  =  z ' 


2k 


( K+l ) COS ( 5/2 ) 


+  O(z-l) 


and  for  r  =  0,  s|  =  z*  and  s2  =  -2. 

The  characteristic  equation  | L ' ( ic  ' , c ’ ) |  =  0  in  neighbourhood  of  the  point 
<  =  1,  t  is  equivalent  to  the  equation  |s|I+C'|  =  s^pQ( a '  , 6 '  , )  =  0 

which  in  turn  is  equivalent  for  z'  4  0  to  the  equation 


(8.6) 


p0(a',8\s’)  =  0 


For  C '  =  Cq  the  above  equation  has  a  form 


PoU,’uo’7-o) 


~ v/r-afw*.. <**JBh*  ••• 


(.8.7' 


0  or 


and  is  regular  according  to  k'  also  for  =  0. 

The  last  equation  was  investigated  in  subsection  3.1.  If  z^  = 

Rez'  i-  0,  it  has  (n-l)/2  roots  with  Re  k1  >0  and  the  same  number  of  roots 
with  Re  k'  <  0.  Therefore  imaginary  roots  <'  are  possible  in  equation  (8.7)  only 
for  Rez^  =  0,  i-  0.  It  is  worthwhile  to  note  here  that  if  Vq  ~  0,  the  roots 
k  '  are  non-zero  since  z^  f  0.  Let  , . .  .  be  the  different  roots  of  equa¬ 


tion  (8.7)  of  multiplicities  select  small  neighbourhoods 

and  such  that  for  any  £ '  £S1  ( C  ^ )  the  corresponding  point  t,  belongs 

to  J5(£q).  Denote  by  n(ic')  a  small  neighbourhood  of  a  point  ,  j=l,2,...,t, 


and  by  a  small  neighbourhood  of  a  point  k^,  k 


0 ,2 ,3  ,1 , . . . ,n .  In  the 


neighbourhoods  and  fi(x,  )  we  select  correspondingly  circular  contours  I ! 

j  k  J 


around  < \  and  r,  around  k,  . 

j  K  K 


Then  n  (<*. )  and  &_(k  )  are  neighbourhoods  bounded  by 
0  J  OK 


I’  and  fk  respectively.  The  neighbourhoods  Q(Cq)  and 


are  supposed  to  be 

small  enough  so  that  any  root  k  of  equation  (8.6)  belongs  for  c'£Q(c,^')  to 
seme  and  the  remaining  n-1  eigenvalues  <  of  L(k,c)  belong  for 


r,€Sl(  Cg )  to  the  neighbourhoods  fi^K^).  R°r  z  7  1,  we  define  as  in 

(7.3)  mutually  orthogonal  projectors 


(8.0) 


=  (2-rri  )_i  |  L-i(K,i;)A  U)dK  ,  j  =  1,2, ...,t 

J  Ver. 

J 


PRU)  *  (2iti)_1  0  L  1(K,t)A1(c)dr  ,  k  =  0,2,3, ... ,n 

<er, 


that 


P '(C)  =  (2rri  )  1  |  (  L( w)  (  k  ,  t ) )  XA  U)d*r 

j  <er 
c  o 


)  +  J>kU)  +  pJO  =  i  • 


ate 
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The  projectors  P^^(c')  may  be  written  in  a  form 
J 

Pj1}U')  =  (27Ti  )-1  0  F(ic)[L"1(<,c)«I(m_1)n]E(K^)A1(i;)rdKl 

*  €Pj 


(8.9) 


=  (2ni)_1  F(<)[L’(<' ,c,)"1®0(m_1)n]E(<,c)A1(O<iK' 

rj 


Now  it  is  obvious  that  the  projectors  Pj^(c')  depend  analytically  on  t; '  for 
z  *  ^  0. 

Lemma  8.1.  The  projectors  Pk(t),  k  =  2,3,-..,n,  depend  analytically  on  ?;en(c  ). 
Proof:  The  matrix  C(k,£q)  is  simply  (k-I)A.  Therefore  there  exists  a  matrix 
D(k,£)  invertible  and  analytic  in  the  neighbourhood  £q)  such  that 


(3.10) 


D  1(k,£)C(k,£)D(k,£)  =  diag(0,c2,c  , .  .  .  ,c 


where  the  eigenvalues  c^  =  c^(k,£),  i  =  2 ,3 ,  • • •  ,n, depend  analytically  on  k  and 
and  c^(x,Cq)  =  (x-l)a...  Then 

'  8 .  n  )  d'1(x,£)L~1(<,!;)D(kj£)  =  diagMz-1),  1(c2,k,0,  .  .  .  ,i(cn,K,z)]~l 

where  the  polynomial  S,(c,k,£)  is  defined  as  in  subsection  6.2.  For  z  f  1  all 

the  diagonal  elements  in  (8.11)  except  a(c  ,<,£)  ^  are  analytic  in  R(x^)  as 

functions  of  k,  and  i(c^.,K,t)  ^  is  analytic  in  T^xU^q)  as  a  function  of  <  and 
r, .  Therefore 

PR(0=  (2iri)-1  |  F(<)fD(K,£)diaR(0,0,...,e(ck,<,C)“1,0,...>0)D_1(,<,£:) 

*  ](n-l)JS(,c,5lV?)dlc 


and  the  analyticitv  of  P^O  in  &(Sq)  is  proved. 

The  projectors  PQ(0  and  Pm(0  are  not  analytic  as  z  tends  to  one.  How¬ 
ever,  the  following  lemma  holds: 

Lemma  8.2.  a)  There  exist  matrix  valued  functions  XA(0  and  X  (c)  =  (X^(0» 

—  ■  — *  — — -  U  oo  oo 

«"'&))  analytic  in  ),  the  columns  of  which  ar^  independent  for  any 

and  form  for  z  #  1  a  basis  of  the  spaces  Im  P„(c)  and  Im  P  ( t, )  respec- 
0  U  °° 

tively.  b)  XQ(0  is  one  column  matrix  and  consists  of  the  singular  eigen¬ 
vector  iPq(0,C)*  The  columns  of  X^)(£,z)  form  a  singular  Jordan  chain  of 

oo) 

length  m-1  corresponding  to  the  eigenvalue  k  =  0  of  L  (k,£,1);  this  chain  is 

%(  OO  ) 

generated  by  the  singular  root  function  cp^  (k,£)  at  the  point  k  =  0. 

c)  The  columns  of  the  matrix  (XQ(0,z ) ,X^ ^ (0,z ) )  form  a  basis  of  the  space 

Ker  A,  where  A  =  diag(A,A, .  . .  ,A) .  The  columns  of  X^2^(Cq)  form  a  basis  of  the 
space  Im  diag(0,0,A,A,. . . ,A)  and  are  independent  of  the  space  Ker  P(0). 

d)  There  are  matrix  valued  functions  Mn(e)  =  0  and  M  (  C  )  =  1  ^  (  £  )®M^ 2  ^  ( T, ) 

vj  OO  OO  OO 

analytic  in  flUQ)  and  satisfying  the  identities 


(8.12) 


A1(^)X0(c)Mq(c)  +  A0(t)X0(c)  =  0 
AnU)X  .  U)M  (C)  +  A ,U)X(0  =  0 

(J  CO  OO  J_  00 


and  M  (c)  is  a  Jordan  matrix  with  eigenvalue  k  =  0. 

OO 

Proof:  We  consider  only  the  case  k  =  03  since  the  case  k  =  0  is  analogous  to 
the  first  one  for  m  =  2.  As  in  (8.10),  (8.1l)  we  have  a  similarity  trans- 

formation  of  the  matrices  C  (<,£)  and  L  (*c,c)  in  the  neighbourhood 
Si0(K0)xn(c0) .  Let  us  partition  the  corresponding  matrix  D( k ,C)  =  (D1( k  ,£) ,D0( k  ,£ ) ) > 

where  D^(k,£)  is  the  first  column  and  D^(k,^)  consists  of  the  remaining  n-1  col- 

of  D(k,E;).  We  may  suppose  that  D^(k,0  =  tpQ(  -a(  k  ,£ ) ,  B(  k  ,£ ) )  so  that 


umns 
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( <)D,  (  k  £)  =  tpi°°  \  k  ,  £ )  •  The  columns  of  D  (k,0)  are  the  eigenvectors  of  A 
m  1  0  2 

corresponding  to  the  non-zero  eigenvalues  ,a^ , • • • ,&n  and  span  the  space 
Im  A.  We  may  assume  that  the  matrix  D2(k,0)  does  not  depend  on  k. 

There  is  a  following  factorization 


,  m-2T  {<*>),  ,  ,-l 

(k  L  (k,c)) 


r  t  /  l- m  2— m 

=  [D(k ,£)diag(K  ,k  , 


2-m, 


•[D(K,C)diag(z-l,«,(c2,tc1c) .  >t(cn»l«1C)] 


where  the  second  matrix  in  the  product  is  analytic  in  Kq)  for  z  /  1. 
Hence  for  z  ^  1  the  projector  P  (O  may  be  replaced  by  an  operator 


(8.13)  Q  „U)<P 


=  (2iri)  1  (j)  F V  ;  (k)  [D(<,C)diag(Ki'  m,K“  m , . .  .  ,k^  I“)®i^m_1^n]tp(K)dK 


i-m  2-m  2-m. 


which  acts  on  the  space  ®(J2(k  ))  with  values  in  C‘‘  .  The  operator  Q  (O  de- 

u  °° 

pends  only  on  is  analytic  in  Cl(  Zq)  and  has  for  z  f  1  the  same  image  as 
F  ((;)•  Let  us  define  operators 


(8.1*0  qfil)(c)‘P=  (27ri)"1  |  F(oo)(K)tD(K,C)diag(x1"m,l>l,-..,l)®I(ra_l)n](p(K):lK: 

ro 


=  (  2tt  i  )  ”"1  0  F^°°)(ic)D1(K:,e)ic1~m(p(i)(K)dK 

ro 


and 


(8.15)  Q(2)(c)ip=(2iri)_1(£  F(oo)(<)[D(K,C)diag(l,K2"m,...,K2  m)®I,  .  ]tp(<)dK 

P  '  im-IJn 

0 


=  (2iri)  10  F^^OD-U,?)*2  mip(2)(<)dK 


T.  m 


» . sc .  . . 
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where  q/^(ic)  is  the  first  component  of  tp(ic)  and  consists  of  the  next 


n-1  components  of  cp( < ) .  Obviously  Q^O  =  +  Q^2 ^ ( O  for  any  c€Q(£q),  and 


as  in  lemma  7-1  one  can  prove  that  for  z  ^  1  the  space  Im  Q  ( c, )  is  the  direct  sum 


of  the  spaces  Im  Q^(t)  and  Im  ^(O  of  dimensions  m-1  and  (m-2)(n-l)  respec¬ 


tively.  Since  Q  (?),  Q^^(t)  and  Q do  not  depend  on  z,  the  above  statement 


.(1) 


is  also  true  for  z=l.  Taking  qr  '(k)  in  ( 8 . lh )  equal  correspondingly  to 


Km’1,KW_-',...,K,l  we  obtain  the  columns  of  the  matrix  X^(c),  which  form  a  Jor- 


<v(  oo)  , 

dan  chain  of  length  m-1  generated  by  the  singular  root  function  (ic,£)  at 


(1), 


the  point  k=0.  These  columns  obviously  form  a  basis  of  Im  (t,) .  Since  for  £-0 


4>0(a,3)  =  (P0(a,0)£KerA,  it  is  easy  to  show  that 


,(D 


Im  Q  ' ( 0 ,z )  =  Ker  diag(l,A,A, . . . ,A) . 


.(2) 


Similarly,  taking  qr  '(k)  in  (8.15)  equal  to 


( <m  2  k,0,...,0)',  (0,<m  2  k  , . . . ,0) ' , . . . ,(0,0 , . . . ,<ra  2  k),  where  k=l  ,2  , . . . ,m-2 , 


(2), 


we  obtain  (m-2)(n-l)  columns  of  the  matrix  Xy  7(c),  which  form  a  basis  of  the 


space  Im  Q^2/(c).  Thus,  the  columns  of  X  (c)  =  ( X^ 1  ^  (  c, )  ,X^ 2  ^  (  t,  ) )  form  a  basis 


of  the  space  Im  Q  (c)  for  any  ^CSl(c^)  and,  therefore,  also  a  basis  of  Im  P  (c) 

oo  U  00 

for  z  ^  1.  Since  the  vector  XQ(0,z)  =  q5Q(0,0)  spans  the  space 


,(D, 


Ker  diag(A,I,I , . . . ,1 ) ,  the  columns  of  (X  (0,z),Xv  '(0,z))  form  a  basis  of 

U  00 


%  ( 2 )  /  v  _  ^(°°)/\ 

Ker  A.  The  columns  of  X  ( £ )  form  a  Jordan  sequence  of  L  corres¬ 


ponding  to  the  eigenvalue  k=0.  This  Jordan  sequence  is  generated  by  n-1  root 


functions,  which  are  columns  of  the  matrix  ' ( k )Dp( < ,£ ) .  Since  the  columns  of 


Dp ( k  , 0 )  form  a  basis  of  Im  A  and  do  not  depend  on  k,  it  is  easy  to  show  that  the 


,( 2), 


columns  of  X'  '(£„)  form  a  basis  of  the  space  Im  diag(  0  ,0  ,A  ,A , .  .  .  ,A ) .  Let  us 

OO  U 
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recall  that  Ker  P(0)  =  F^l^+Ker  5L  If  a  vector  cp  =  ,<P2 ,  •  •  •  ,<Tm) '  (here 

cp  ,cp  ,  .  .  .  ,cp  are  n-dimensional  vectors)  belongs  to  Ker  P(0)DIm  diag(  0,0, A, A, . . .  ,A )  , 
■  ^  ^  % 
then  the  "component  vectors"  ip^  and  cp^  are  zero  and  therefore  ip€Ker  A.  Since 

•v  . 

Ker  Afilm  A  =  0,  it  follows  that  0=0,  so  that  part  c)  of  the  lemma  is  also  proved 

Since  for  any  E€fh,(s,J  the  matrices  X^(t)  and  X^(c)  consist  of  Jordan  chains, 

the  matrix  is  a  single  Jordan  cell  and  is  a  direct  sum  of  n-1 

Jordan  cells  of  order  m-2  with  the  eigenvalue  ic=0.  The  identities  in  (8.12)  fol¬ 
low  now  immediately. 

Let  us  now  study  the  projectors  Pj^(s').  Let  z^  f  0.  Then  Fj^(c')  is  ana¬ 
lytic  in  fn^)  and  the  image  of  P^ 1  ^  ( C ' )  has  a  constant  dimension  The  pro¬ 
jector  Pj1^?')  may  be  replaced  by  an  operator  U '):©(«(  xj  ) )  — ■>  C™1  given  by 


(8.16) 


=  (2Tii)_1  |  F1(ic)L'(k’  . 

rj 


For  r  f  0  the  vector  function  cp(k')  depends  analytically  also  on  <  =  1+rie'  in  a 
neighbourhood  of  the  point  1+rx  ,  and  therefore  the  images  ofQ^(c')  and  if  '( r, '  ) 

•oincide.  Fince  Q.j  '(r;1)  is  analytic  in  F-(^q)  and  for  r  =  0  obviously 

Im  2  Im  P^U'),  it  follows  that  Im  O^U')  =  Im  P^V,')  tor  any  C€nU 

J  J  v 

Therefore  one  can  define  in  Tm  Ij  (£')  a  basis,  which  depend-,  analytically  on  C,  ’ 

and  whose  vectors  are  columns,  of  a  matrix  X^'(r,  ’)  given  by 


X^U’)  =  , 

o  J 


where  H'  (  k  ’  )  is  a  nxq  matrix  analytic  in  R(k’.  ).  Since  the  integrand  in  (8.16) 

a  ^ 

being  multiplied  on  the  left  by  L(c,c)  becomes  an  analytic  function  in  «(  ’,),  we 


obtain 
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AiU)Qj1)U’)U'4'U'))  +  aq C c ) Xj ^ C c f )  =  0  . 

Fxpressing  (  £, '  )  ( < '  f(  x  1  ) )  in  the  basis  X^(c')  as  X^,1  \  t, '  )m!  (  c, '  ) ,  where 
J  J  J  J 

is  analytic  in  Q(Zq),  we  arrive  at  the  identity 

(8. IT)  A1(c)xj1)(i;'  )+Aq(c  )X^  15  ( C  '  )=0,  where  1  ]  ( c  ’  )  =  I+rMj  ( ;  ' )  . 

The  characteristic  equation  |kI-M^(^')|  =  |  r  (  x  '  I-M !  ( t '  ) )  |  =  0  has  for  r^O 

J  J 

the  same  x'-roots  in  Sl(x')  as  equation  (8.6).  It  follows  from  the  continuity 

J 

considerations  that  the  equations  | x ' I-M' ( £ ' ) |  and  (8.6)  are  equivalent  in 

J 

f2 ( k  )  also  for  r  =  0,  and  therefore  the  matrix  M'(c')  has  the  eigenvalue  x ' 

J  J  U  J 

of  multiplicity  q^^. 

In  the  next  subsection  we  shall  need  the  following 
Lemma  8.3-  Let  Re  =  0,  z^  f  0  and  Re  x^  =  0.  Then  the  matrix  M^t^)  has  on¬ 
ly  one  eigenvector  corresponding  to  the  eigenvalue  x ' . 

J 

Proof:  The  operator  Q^^C')  for  c'  =  Cq  may  be  written  in  a  form 

qJ1)(c'  )<p  =  (2iri)"1F.(l)®  L'(x',C'r\o(x')dx'  . 

J  U  1  J  r  i  U 


Let  us  denote  by  Qj(^q)  the  operator  from  <X>(fi(icj))  to  C  represented  by  the 

above  integral.  Recall  that  L'(k',c^)  =  z0'I  +  Ax'  +  is  a  linear  regular 

x'-matrix.  From  the  strict  hyperbolicity  we  conclude  that  this  matrix  has  only 
one  eigenvector  corresponding  tc  the  eigenvalue  x'  =  xj  .  Let  v  be  an  eigen¬ 
vector  of  M^(Cq)>  By  the  equality  Qj 1 ^ ( x ' V( x ' ) )  =  Qj1 ^ ( f( x ' ) )Mj  we  obtain 

Qj1 (tc '-Kj  )¥(*' )v)  =  0.  But  then  also  ( (x  ' -x j  ) yC x  '  ) v )  =  0.  From  (2.15)  we  get 

for  any  q£®(ft(x’))  an  identity 
J 
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L'  (  K  j  ,  Cq  )Qj  (ip(  <  '  ) )  =  AQ^UJ-ic'Mk'))  . 

Therefore  Qj  (  ¥(  ic  1  )v)  =  Qj  (  ¥(  k  ' )  )v  is  an  eigenvector  of  L'Jk'jCq)  corresponding 
to  the  eigenvalue  k  '  =  ic’.  Let  us  note  that  since  the  columns  of  ^  ( S'  (  k  ' ) )  are 

independent,  so  are  the  columns  of  Q'(4’(k')).  Hence  the  vector  v  is  unique, 

O 

and  the  lemma  is  proved. 

Let  us  now  investigate  the  projectors  in  )  when  z^  =  0  . 

Lemma  8.L.  a)  There  exists  a  matrix  valued  function  Xj'^(c'),  j  =  l,2,...,t, 
analytic  in  H(Cq),  the  columns  of  which  are  independent  for  any  and 

form  a  basis  of  im  Pj^(c')  when  z'  ^  0. 

(  1  )  ^ 

b)  For  z'  =  0  the  column  of  X.  (?')  belong  to  Ker  P(£)  (where  £  =  £' *r) 

J 

and  =  1  )Xj  ( tg) >  where  the  columns  of  Xj(Sg)  form  a  singular  Jord¬ 

an  chain  of  length  q*j^  corresponding  t->  the  eigenvalue  ic '  =  k  '  of  the  singular 

J 

k  ' -matrix  L. ’  { ic  * , 5 q )  =  Ac  '  +  Bi^  . 

c)  There  is  a  matrix  valued  function  of  order  qj^xq^'*''*  analytic  in 

h(Cg)  such  that  the  identity  (8.17)  is  valid.  The  matrix  M^i;^)  is  a  Jordan 

cell  with  the  eigenvalue  <! . 

J 

Proof:  Using  the  factorization  in  (8.S)  and  taking  into  account  the  fact  that 
the  matrix  (s^I+C)  ^  depends  analytically  on  k '  in  ft(icj),  we  replace  the  projec¬ 
tor  P^U’  )  in  (8.9)  by  an  operator  Q'1^(c')  :  ®(ft(*I))  — >  Cmn  given  by 

J  J  J 


:8.i8) 


Q(1)(;')(P=  (?iri)  1  o  F  ( ic )  ( si  *T+C '  )-1«p(  < '  )dx '  . 
J  r «  1  1 


For  rz '  4-  0  the  operator  Q^^(^')  has  the  same  image  as  the  projector  pi^(c'). 

J  J 


-  12  n  - 

If  r  =  0  but  z'  ^  0,  both  ( c; ' )  and  P^(t')  a-e  analytic,  and  it  follows 

as  in  the  case  z'  i-  0  that  Im  Q^(C)  =  Im  P^(C).  We  proceed  as  in  lemma  3.1. 
w  J  0 

The  operator  in  (8.l8)  is  replaced  by  a  new  one,  denoted  by  the  same  letter 


(8.19)  Q^U'VP  =  (2ni  )_1  (I  F-.(K)D(a',8'H(N' (*',£')  )-1®0  ]<p(  k  '  )dK*  . 

J  ; rt  1  u  n~P 

J 


The  matrix  Nq(k',?')  is  given  as  in  (3.28),  where  A' ,w'  and  s'  should  be  replaced 
by  oi ',8'  and  z'  respectively  and 

N'(ic\c£)  =  diag((K'-Kj)  J  ,1,1,... ,1)  . 

The  first  column  of  the  matrix  D(ot,,8')  is  the  singular  root  function  4>n(a',8')  and 


is  proportional  for  r  /  0  to  the  vector  (pQ(a,8).  According  to  (6.26) 

F  (k )cp0(ct,8)  =  <Pg(<,c)  so  that  the  first  column  of  the  matrix  F^(ie)D(a'  ,8' )  be- 


to  the  space  =  Ker  P(C)>  where  £  =  £'*r.  If  r  =  0,  d>n(a',B')  = 


longs 


<P0  ( tc '  ,i  C '  )  and 


F1(K)<P0(a',8')  =  F1(l)ip0(a',B')€F1(l)V0cKerP(0), 


For  z'  =  0  it  follows  then  from  the  diagonal  form  of  Nq(k',c')  that 

Im  Q^'1"^(^,)  <=  Ker  P(c)-  Let  us  define  the  matrix  H'(k')  as  H'(X')  in  lemma  3.1. 
J 

The  matrix  X^^(t')  is  determined  now  by  X^^(t')  =  Q. . 1  ^  ( t ' )  ( t  ( x  ' ) ) .  For 
J  J  «1 


C '  =  we  have 


Xj1}(r^)  =  P1(l)Xj(c^), 


where 


U')  =  (2TTi)-ii  4>n(x',H’)diag((x'-K')  j  ,0  ,0 ,  .  .  .  ,0 )  f  (  x  '  )dx  ' 


,,^0  ’  ^0 


so  that  X'.  (lg).  ar-  claimed  in  part  b)  of  the  lemma,  is  a  singular  Jordan 
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.-hair;  generated  by  the  root  function  rp^(  < '  ,  i£g )  at  the  point  <'  =  An  in  ti.t 

i !  fferent  ial  case  q^*1  <  (n-l)/2.  According  to  assumption  1.2  and  lemma  ?.l 
the  columns  of  X'.(Cg)  and  therefore  of  XjJ  '(Cg)  are  independent.  We  shall  chooi.e 
small  enough  such  that  the  columns  or  X',‘ '  ( C’)  are  independent  for  any 
'’£il(r').  Since  the  image  of  in  ( 8.19 )  coincides  with  the  one  of  l‘\ !  ^  ( z 

J  i) 

for  z *  ^  0  and  has  dimension  q^  ,  it  follows  that  the  columns  of  form 

a  basis  of  Im  Qj^(c’)  for  any  s'€s2(tg).  To  obtain  the  matrix  and  formu 

(8.17)  we  proceed  as  in  the  case  i  0.  The  Jordan  form  of  the  matrix 


follows  immediately  from  the  definition  of  'I(k')  and  diagonal  form  of  the  matrix 

N’(<’,^). 

We  are  now  able  to  bring  t  be  ^-matrix  s(r,r)  to  a  block  form.  In  addition  t 
already  defined  matrices  XQ(  O  ,  X^i  )  and  we  determine  matrix 

Oi  ^  *  2,3, .  ,n,  analytic  in  $j(c  ) ,  the  columns  of  which  form  a  bar  i  r.  of  ti. 

tw  U 

space  im  (  c ) .  To  the  matrix  Xk  (  5  )  corresponds  a  square  matrix  { f, )  analyt  ic 

.  ri  S 2 (  C q )  such  tiiat 


Ai(;)yk(t)MkU)  +  A(1(c  )\U)  =  0 


since  *k  =  ( a^+l )  /  ( ak~  1  )  is  a  simple  root,  the  matrix  is  actually  an 

eigenvector  of  the  k -matrix  L(k,c)  and  (  £  )  =  .  We  shall  often  consider  t  he 
matrices  X^U)  and  k  =  0,2,3,.  •  •  *n»®,  as  function;,  of  t'  t  iiroug.h  the  r< 

1  at  ion  in  (8.2).  Let  us  denote 


(8.21) 


(1)  _  (  (D  y(0  y'D.  x  =  (Y(1!  v  j 

XF1  U1  ,X?  ’•••”'t  XK1  'Tl  ,-Y’  i . n 


XF=(X0’XK1K  X  =  (XK’XJ  • 
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in  a  neighbourhood  R(Cq)  with  =  0  we  partition  additionally 


6.2?)  X=(X(l^,X(2h,  where  X(1) 


,Y  (1)  Jlh  „(2) 

' A0,AF1  ’  ®  A 


,  (2). 

(x2,x3,...,xn,xi 


eigenvalues  x.  ,  k  =  2,3,...,n,  split  up  into  two  groups  I  and  II,  according 


whether 


1  or 


■  J  >  1.  In  the  case  Re  z'  >  0  or  z'  =  0  we  split  in 
K  0  u 


the  same  way  the  eigenvalues  < ! ,  j  =  l,2,...,t,  according  to  whether  Re  k'  <  0 

J  J 

r  Hr  k  ;  >0.  Then  the  matrix  X,,  is  also  partitioned  as  X,,  =  ( X,  ,XT.XTT).  If 
J  r  r*  '  *  !  i  ( 

=  0  we  suppose  the  matrices  X^  and  X^..,  to  be  partitioned  as 


,(1)  y(2) 

‘I  l 


i ,  =  ^ )  and  =  (X^',X^,').  We  construct  also  a  block  matrix  Mv, 


wnich  corresponds  to  X„  and  is  partitioned  according  to  X,,  with  the  similar 

r  r 

a- tat  ions  for  the  partial  matrices.  As  usual,  introduce  the  matrix 

-  • A,X_,A „X  )•  The  rows  of  the  inverse  matrix  T  ^  are  pari  itioned  and  denoted  no 
1  F  0  °°  f 


-hey  correspond  to  the  columns  or  X.  Introducing  the  matrices  B  and  B 
■.  7 .  U? )  we  rewrite  the  identities-  (8.12),  (8.17)  and  (8.20)  ns. 


1 


.-■■■>)  LU,c)XU' )  =  T(  c, ' )  (fi.p  c; '  J  +  K-B.it')'  , 

•re  C  ’€j.  (  Cq)  and  £,  is  connected  wii.ii  r,'  i  y  (6.?;. 

id  us  first  investigate  the  mat  ri  X  it,')  and  T  '  t,  ’  )  ;  r.  Ms-  case 

A - i .  -1  * - j  _1 

.  ite  T  >,  C  1  )  =  rT  (  C  ’  I  and  part  .  t  .  ..is  X  according  to  T 

:-"si  B.s.  a)  Ti.e  matrix  X  •  f,  ’  i.  it. vert  it!**  in  ui  r, '  ;  and  7  ‘  i .  ar.aiyt  ic  in 

t  ;  Moreover,  t.  he  matrices  IT  ,  17  '  are  analytic  it.  U[  f,,.  1 , 

:  '  .act  >w  •  d  (  .  '  r,  )  ;  s  n  it.-zef  . 

f.  l.et  X'  r.'Jv  =  (J.  We  suppose  •  t  at  •  !.<•  otr|  t.e;,  •  .  f  *  t,c  v  are  par' 

.ted  and  denote,)  according  » o  *  is  rr.a*  r  i  x  X.  u:  [••■■■•ai  .  t  S.a*  *  i.o  prc.'i-'i  or.- 

t  ,  t.  =  ,  X , .  and  1  '  (  r.  *  .,.’,...,1,  a  r»  mu'ually  r*  ii<  •gonal  and 
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analytic  in  ^(Cg)  and  vanish  on  the  spaces  Im  Qg(t)  and  Im  Q^O-  Therefore  we 
get  immediately  that  v_.  =  0  and  X-(^-)v_  +x  (s,Ov  =  0.  According  to  part  c) 

r  1  U  U  U  oo  U  00 

of  lemma  8.2  the  columns  of  (X-lC-J,  form  a  basis  of  Ker  A  c  Ker  P(0), 

U  U  00  u 

( 2 )  p 

and  the  columns  of  '(Cq)  are  independent  of  Ker  P(0).  Hence  v  =  0,  and  the 

matrix  X(  is  invertible.  We  can  choose  fi(Cg)  .small  enough  so  that  X(t,''  is 

invertible  for  any  (;'£fi(Cg).  Let  us  fix  any  k  with  )  <  |  =  1.  From  stability  of 

the  Cauchy  problem  we  have  for  any  C'€fi  (t')  an  estimate 

K  U 


1,8.23  )  i  X(c')(B0(c’)+k:B1(;'))  1T  1  (  C  ' )  .1  =  i|L~V  )  „  f  -rp-j-  • 

fince  X  (  t;  '  )  is  invertible  and  R^(c')  +  <  E^(c')  is  bounded,  it  follows 

—  1  K  "'—l  K  r  "—1 

rhat  i  T  (c')  I  (  Tpr — —  and  ||T  ( C '  )  l  f  jppy.  The  matrix  T  ( c  1  )  has  a  singu¬ 
lar.!:;  of  the  type  |T(? ' )  |  f  Since  the  matrix  T(c')  it;  invertible  for  r  f  0 


rsl  |T(c 

')l  = 

0  it'  r  =  0,  the  matrix  T  ^ 

( C ' ) 

may  be  wr 

it  ter:  as,  a 

fract i on 

"  :  t  ’ ) 

=  vU 

'  )/r^,  where  the  matrix  1  (  t, 

*  )  is 

;  analytic 

i  r;  C;(  L  '  1 

. .  ^  ry  • 

If  the  compon 

r  *.  »  ; 

n 

=  (r,' ,z' ,r)£Si  (Cg)  is  fixed 

and 

He  ■/.'  ■■  ' 

,  the  matr 

ix  I"1  (C  }  is 

at. led 

as  r 

*  0,  and  the  above  fraction 

i r 

•edue  i  bie . 

Therefore 

this,  fraction 

reiluc 

i  tile 

for  any  c, r,'  i,  .and  1’  ‘  ( t, 

»  \  • 

■  analyt i  • 

in  ; ; C  C - 

Let  r  =  0.  As.  in  lemma  '3.t>  we  nave  Im  T  *  ( t;  ’ )  =  Ker  T(c*  )  •  L"t  *  in  (8.  <-'3  ) 
f.xed  and  different,  from  ail  the  eigenvalues  of  K,(  t,  '  J  +  rF' ,  (  r, '  )  f.-r  all 

'£  '  r, '  ) .  If  v£Ker  T(t'),  then  !.(  e  ,  c,.x )  X  (  f, '  )  (  Rn  (  r, '  )+nB(  r, '  I  )  ‘  v  =  r'.  Denoting 

,  -  H  1  f  (  C  '  )  )  1  v  w*-*  ir*  ait;  ♦  ha*  X[  r. '  hi  £  K^r  Lf  We  :  u|  pose  th« 

:  r.ents  .if  the  ve  •!(- r;  a  arid  v  *  o  !•»•  l  a;"  :  t  ior.e.J  ana  a’-crding  ti  the 


X.  The  matrix  i. 
=  !•  ,  i  r  )(P  1  l,;s 


pan 


•  ha' 


irder  1  r i *  w'*i  s  nrilar  " ■  r > f  furvt  icn 
iar  *• ;  gen.  ;  •!<•••  V  -  r>r  A.  A  ;  n  ierr 

.  )  is  anted  :  y  t  ve  *t  =  -r  op.  /  ►  ,<')  . 


■hi  -w 


xefll’ 
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since  the  columns  of  6(  ( i;  ) ,  ^  ( C,  ) )  form  a  basis  of  Ker  Ik  and  the  remaining 


JO 

and 


0  0  ^  .  . 
lumns  of  X(s')  are  independent  of  Ker  A,  it  follows  that  u  (c')  =  u  (c')=0 

r  1  00 


Since  the  vectors  <P0(k,0)  for  different  <  span  the  space  Ker  A  ,  we  may  assume 
that  the  last  component  of  ( c '  )  is  different  from  zero.  The  components 
v^U')  and  v^1 )  U '  )  are  given  by  v^U')  =  (  kI-M^U  ' )  )u  U  ' )  =  0  and 

v^‘  ht')  =  (.I-kM^U  „  ) )  u£2  ^  ( C '  )  =  0.  Therefore  (T-1^')).,..  =  (T_1(  £  ' )  )  ^ }  =0 

OO  (XJ  f  _L  OO 

—1  -1  (2) 

and  the  matrices  (T  U'))  ,  (T  U’))  are  analytic  in  iiUl).  Since 

r  l  <»  0 

v^'^C')  =  (  ^  ( £Q)  )u^  ^  (  C '  )  and  the  matrix  M^^(Cq)  is  a  nilpotent  Jordan 


(1). 


1,  we  conclude  that  the  last  component  or  v’  ( c, ' )  is  non-zero.  Taking 

0'  <*> 


we  obtain  finally  that  the  last  row  of  the  matrix  (T  in 


jr.-zero,  and  the  lemma  is  completely  proved. 

Let  us  now  investigate  the  matrices  X(t;')  and  T  ^(a')  in  the  case  z^  =  0. 

[  vinma  8.6.  a)  The  matrix  X(c')  is  non-singular  for  z*  #  0. 

b)  For  A 1  =  (  C '  »0 ,  r  )  €Si(  )  the  columns  of  X1  (c')  belong  to  the  space 

her  P(0,  where  £  =  £ '  r ,  and  the  columns,  of  (>h  ( t  ’  )  ,X  | 1  c  '  )  ,X  ^  A  '  ) )  as  well 

l )  ;  oo 

(  I  )  /  1  )  . 

as,  the  columns  of  ( X_(  t, '  )  ,X  1  (  r, '  )  ,X  '(£'))  form  a  basis  of  Ker  F'(fJ. 

\j  LI  00 

( 2 )  •  i 

c)  The  coluit  is  of  X  (£')  are  independent  of  Ker  f'(f„).  Hence  the  matrix 
;  X0C  t;  ’  )  ,X  Ur  ) )  is  of  full  rank  n. 

i  roof:  Part  a)  of  the  lemma  follows  as  in  lemma  8.‘j. 

(  1  ' 

According  to  part  b)  of  lemmas  8.2  and  8..';  the  columns  of  X  '  ( c*  )  belong 
!'  .r  z '  =  0  to  the  space  Ker  P(f,).  Furthermore,  the  columns,  of 

'  X,,:.  CA)  ♦X^1^(  Ci))  form  a  basis  of  Ker  A  and  xl!  ^(tA)  =  P ,  (  1  )  X.\  ( t '  ) ,  where  the 

■})<*>  U  *  i  1  .  i  (  ' 


■  A- 
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matrix  X'  (4')  =  (X ' ( 4 ' ) , . . . ,X' ( 4 ' ) )  consists  of  singular  Jordan  chains  of  the 
r  X  U  XU  l  U 

k'  -matrix  L'(k',4')  =  Aic '  +  Bi4'.  Bet  us  partition  the  matrix  X'  (4')  according 
U  U  ?  X  u 

to  the  matrix  X*2^U')  as  X'  U')  =  ( XI  ( 4  ')  ,X' '  (  4'  ) ) .  Then  the  (n-l)/2  columns 
of  X'(4,)  together  with  the  vector  (p^(l,0)€Ker  A  form  a  basis  of  the  (n+l)/2 
dimensional  space  VQ.  Therefore  the  columns  of  (X^(  C  J, )  ,  )  form 

r\.  ,  f\, 

u  basis  of  the  space  Ker  P(0)  =  Ker  A  +  F^(l)V  .  From  the  consideration  of  con¬ 
tinuity  the  last  statement  remains  true  if  4^  is  replaced  by  any 
4'  =  (£;'  ,0,r)£ft(c'  )  and  Ker  P(0)  by  Ker  P(£),  where  the  neighbourhood  Q(4q)  i  s 

sufficiently  small.  In  the  same  way  one  considers  the  matrix 

(x0U'),  x^U’),  x^1}(c’)). 

The  matrices  =  I,  M^(Cq)  and  are  in  Jordan  form  and 

( i  )  to\  fr>) 

therefore  the  columns  of  1 X  *  (4^) ,  X,",  v  m , X  _  '  ( r,’, ) )  form  a  Jordan  sequence  of 


<- matrix  L(k,40).  The  columns  of  X \.  J  I^  i  are 


mot- t't  sder.t  of 

i  -I  ; 

• "  'ihguia'-  K  ->r  A  of  <-mn.tr  ix  f,(nyc,n).  Obviously  or.c  < 

columns  X  ( =  Xj,(  4^)  is  independent  of  Ker  A,  and  accord  in*:  fa 

(p ) 

i  art  c)  of  lemma  3.2  the  columns  of  X  '  ( r: '  }  arc  airs.  indso  u<U.:, 

cc  S' 

.if  the  above  eigenspaco.  Then  the  above  rdar 


sequence  is  regular  ana  hence,  according  to  lemma  7.2,  the  vectors  of  the 

.  '  pence  are  independent  of  Ker  A.  Hence  the  column's  of  X  (4q)  =  (X^  (Cq)> 

X  }  ( C '  ) )  are  independent  of  the  space  Sp  X?^(4')  +  Ker  A  =  Ker  P(0).  Then  part 
0  X  u 

(?)  'l» 

of  the  lemma  follows  from  continuity  of  X  ‘  (4')  and  !'(£,)  as  functions  of  4'. 

forma  M.7  a)  The  matrix  T_1(c'  )  =  rz’T~  (4')  and  also  the  into  rices; 

/.  ’  (  ?”  L  (  4  '  ) )?  ^  and  (T  1  (  4  ’  )  1  ^  ‘  are  analytic  in  Si  (  4  *  )  . 

r  1 
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b)  The  last  row  of  the  matrix  (T  ^(c'_ is  non-zero. 

U  00 

Proof :  Since  the  matrix  Xkp  is  singular,  the  proof  used  in  lemma  8.5  for 

the  analyticity  of  T  ^(C')  is  now  unacceptable.  Let  us  integrate  the  matrix 

X(  c,  1  )  (Bn(  £  '  )+<B  (  r, '  ) )  tc')  for  c'£Q  ({;')  around  the  unit  circle  I  <  I  =  1. 
U  1  n  U 


Since  the  integral 


(B.(c')  +  kB  (?'))  "*~dtc  =  I  ®0,  ,  ,  where  the  unit 

0  1  n  ( m-1 ) n 


k  =1 


matrix  corresponds  to  the  blocks  M_  and  M_  and  the  matrix  0,  ,  N  to  11  and 

0  I  (m-l)n  TT 

M  ,  we  g et  from  (8.23)  an  estimate 


II(X0,X.XM(T  1  )Q ,  (t  1)i1 


z  -1 


where  the  variable  is  omitted.  The  independence  of  the  columns  of  X  ,Xf. ; 
implies  that 

*( T_1)0*  ,  «(T_1)iN  ?  . 


Let  us  fix  in  (8.23)  a  value  of  <  bounded  away  from  k  =  i  and  with  j<|  =  ' .  ^her. 
we  get  also 


(Xii,Xoo)[(kI-MiI)'1®(I-kMot)  1 J  f  (T  1):I,(T'1)j)j||  f 


z  -1 


and  finally 
(8.2b) 


T  1  (  C 1 )  II  ;  K 


z  -1 


Let  us  note  that  the  matrix  T(t')  is  non-singular  for  5^)  ,  when  z'r  t  0. 

Therefore  the  zeros  of  the  function  | T ( c ' ) i  are  also  zeros  of  the  function  z'r. 


and  using,  for  example,  the  Nullstell ensatz  (see  [9])  one  can  show  that 


k  ^  k 


|  T  C  ft '  )  1  =  (z’)  r  1  tp(  C-, '  ) ,  where  the  function  ip(  r, 1  )  is  analytic  in  ft(t')  and 

A  —  1 

cp(c^)  ^  0.  Then  the  matr  ix-funet  i  on  T  "(r,  *  )  has  n  insularity  of  the  type 


"kl  ~kr 


Let  us  take  r, 1  =  (f,',z',r)  €  with  Re  z'  •  0  and  fix 
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£ '  and  z'.  Representing  an  arbitrary  element  of  T  ( t '  )  as  a  fraction 


kf  kp 

•p(  t '  )/( ( z  ’ )  r  ),  where  ip(z')  is  analytic  in  fi(c'),  we  obtain  from  (8.2b)  an 
estimate 


(8.25) 


k-, 


| iJj ( i; '  )/((z'  )  *r  ^  |  <  K* | rz ' | /( | z | -1 )  s  K  . 


Therefore  ipic,')  may  be  reduced  by  r  for  the  above  t '  and,  therefore,  for  any 

C'£fi(?').  Similarly,  let  us  fix  in  ')  the  components  £'  and  r  and  let 

0  Hu 

the  variable  z'  be  real  and  positive.  Then  from  (8.25)  follows  that  ip(z')  may 

k-2  "'—l 

be  reduced  by  (z')  for  any  £’££!(  and  therefore  the  matrix  T  ^ ( ^  ’  )  is 

analytic  in  Let  us  now  prove  that  (T  (5')^  =  0  for  r  =  0  and 

( T*'1  ( C  ’  ) )  ^ 2  ^  -  0  if  rz'  =  0.  The  equality  T(i;')T  "(£')  =  rz'I  implies  that 


1  rr.  T  "■(?')  c:  Ker  T(s')  for  rz’  =0.  Let  z'  4  0,  r  =  0  and,  therefore,  C  = 
According  to  part  a)  of  lemma  8.6  the  columns  of  ( '  (  C ' )  ,X^  {  c  ’ ) )  are  ind^  - 

r  1 

pendent  of  the  columns  of  (Xq(Cq),  x1^(5q))»  which  form  the  basis  of  Ker  A. 

Taking  v€Ker  T(?')  and  proceeding  as  in  the  proof  of  part  b)  of  lemir.a  8.5  we 

lerive  that  vf,^  =  v^  =  0  and  therefore  (T  =  (T  ■*"(£' ))^  =  0. 

r  1  r  i 

:  et  now  z'  =  0  and  r  ^  0.  According  to  lemma  8.6  the  columns  of  X  ( t  ’  )  are 

independent  of  the  singular  eigenspace  Ker  P(£)  =  vq(0  of  the  singular 

^-matrix  L (k,c),  where  ?  =  (£'*r,l).  Taking  v£Ker  T(t')  and  following  the  ana- 

i.yticity  proof  of  (T  (5))  in  lemma  7-6,  we  conclude  that  v  =0  arid  there¬ 
fore  (T~^(C'))^^  =  0.  The  matrix  (T  is  therefore  divisible  by  rz' 

and  (T  by  r,  so  that  part  a)  of  the  lemma  is  proved. 

r  1 

[n  order  to  prove  part  b)  of  our  lemma  we  shall  construct  a  vector  func- 
t  ion  v(r/)  analytic  in  fl(tg)  such  that  the  last  component  of 
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is  non-zero  and  T(c')v(^')  =  O(rz').  Then  multiplying  the  last  equal¬ 
ity  on  the  left  by  T  ^(c')  we  obtain  that  v(r,^)  £  Tm  T  *( r  ^) .  bet  us  fix  <  dif¬ 
ferent  from  all  the  eigenvalues  of  +  xl!,  (t’)  for  any  t'£Si(£’).  The  vector 

U  j.  0 

(P0(k,0)  £  Ker  A  may  be  represented  as  a  linear  combination 

%U’0)  =  x0UiNU0)  +  xi1)u0'ui1)u^- 

As  in  the  proof  of  part  b)  of  lemma  8.5,  we  may  assume  that  the  last  component 

of  (  Cq)  is  non-zero.  Let  us  define  a  vector  u(?q)EC  by  adding  to 

and  u^U' )  zeros  in  the  remaining  components.  Then  for  £'  =  ( £ '  ,z  ’r  )EQ(  C,' ) 

00  u  ■  j 

and  the  corresponding  z,  =  (£,z),  we  arrive  at 

$0(k,£)  -  X( c  '  )u( Cq )  =  rA 

where  Aip(i;')  is  analytic  in  ,T(  )  and  for  z'  =  0,  Acp(  c '  )£Ker  P(£).  Since  the 

columns  of  (X_(  £ ' )  ,XT^  (  5 ' )  ,X^  ( t ' ) )  form  for  =  (£',0,r)  a  basis  of 

Ker  ?*(£)»  there  exists  a  vector  function  Au(t')  analytic  in  .^Qq)  such  that 

Au(2^U’)  =  0  and  Ad)U '  )  -  X(  1  ^  t '  )  Au ( 1  ^  (  ?  ' )  =  O(z'). 

Therefore  defining  u({;')  =  u(?q)  +  rAu(c')  we  obtain 

<P0(tc,£)  -  X(c’)uU')  =  O(rz')  . 

Since  L(k,c)cP0(ic,£)  =  O(z-l)  =  O(rz'),  we  obtain  for  the  vector-function 
v(r,')  =  (B0(t' )+<B1(t’ )  )u(f  )  an  estimate 

T ( C ' ) v(  c ' )  =  L(x,t)X(t')u(t' )  =  O(rz'). 


'ij 


A. 
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To  accomplish  the  proof  we  should  note  that  the  matrix  ^  ( i;^)  is  of  upper 

triangular  form  with  the  unit  main  diagonal.  Since  =  (  I-kM^  ^  ( i ' ) )  • 

oo  Q  co 


u^(Cn)’  the  last  component  of  vVi;(G')  is  equal  to  the  last  one  of  uVX;(c’) 


(Dtr'- 


®  '^0 


and,  thus,  it  is  non-zero. 


Q.E.D. 


8.2.  Construction  of  the  Kreiss  symmetrizer  for  the  matrix  =  l+rM'(c') 

ti  J 

in  the  case  Rexj  -  0. 

Let  Re  Zq  =  0,  Zq  7s  0  and  suppose  that  the  matrix  ias  the  eigenval¬ 

ue  k’  with  Re  k'  =  0.  According  to  lemma  8.3  we  may  assume  that  M'.(£')  is  a 
Jordan  cell  of  the  order  For  ease  of  notation  we  shall  write  q  instead  of 

.  Following  Gustafsson  et  al  [3]  we  consider  a  matrix 


(8.26; 


A  ti') 

M'U’)  =  -( i/r ) Sin  M.  U')  =  -(i/r)«n(I  +  rM!(t')) 
J  J  J 


Obviously  the  matrix  M ^  ( £ ' )  is  analytic  in  ^(^q)  and  M^(Cq)  =  -iM’(s^) 

is  a  Jordan  cell  with  the  real  eigenvalue  k'  =  -ix'.  The  matrix  X.^^') 

J  «J  J 

may  he  chosen  in  such  a  way  that  M! (t')  has  a  form 

0 


e  .  1  0 

q-l 


(8.27) 


e  0  1 

Mj(t'  )  =  <j-I  +  q~d 


eo  °  ‘ 


where  e^  =  e^(c'),  k  =  0,1,..., q-l,  depend  analytically  and  vanish  at  the 


l3lt  - 


point  £'  =  Let  £;'€$!„(£;,!)•  Denote  by  p  the  number  of  the  eigenvalues  x  of  the 
0  n  u 

matrix  M^(c')  with  j  <  |  <  1.  Since  the  x-matrix  L(x,£')  has  no  eigenvalues  with 
<3 

( k |  =1  for  it  follows  that  the  number  p  is  independent  of  It  is 

easy  to  show  that  the  mapping  x  ->•  x'  =-(i/r)  Jinx  transforms  the  eigenvalues 

of  into  the  eigenvalues  of  M!(^')  so  that  for  x  with  |x|  <  1  we  have 

J  J 

Im  x'  >0  and  vice  versa.  Thus,  the  matrix  Mjt^')  has  p  eigenvalues  in  the 
halfplane  Im  x'  >0  and  q-p  in  the  half  plane  Im  x'  <  0.  Let  us  partition 
the  matrix  X^^(t’)  as 


(8.28) 


=  (X*1}  ,X^  . ) 
J  I,J  II, J 


where  the  matrix  X^.M  consists  of  the  first  p  columns  of  X^  and  X^^  of  the 

remaining  q-p  ones.  If  is  a  q-dimensional  column-vector,  we  shall  similarly 

J 

partition  it  as 

«•»>  . 


where  '  is  now  the  transposition  symbol.  As  in  (3-16)  we  have  a  matrix 
Ifi^(C')  continuous  at  the  point  such  that  U ^V(cA)  =  I  and 


(8.30)  (U^U'))-1  Mjl5(  )U^1)(C' )  = 


Here  y  =  ir,  and  for  c'€ft  (t;!)  the  first 

K  U 

|  x  |  <  1  and  remaining  q-p  ones  have  |x 


“jl  1  0 

.  0 

(  'i 

0  .J2  y 

.  0 

= 

Nj  11  Nj  12 

• 

y 

°  Nj22 

0 

KJ<iJ 

; 

eigenvalues 

'cn,K3?' 

.  .  ,x  .  satisfy 

JP 

|  >1,  so  that  the  spectra  of  the 
R 
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matrices  N 

M  =  i- 


jn 


and  N 


J22 


lie  correspondingly  inside  and  outside  the  unit  circle 


The  main  result  of  this  subsection  is 
Theorem  8.1.  There  exists  a  Hermitian  matrix  R 
^'£S1(5q)  and  satisfying 


(1) 

J 


£')  depending  smoothly  on 


(8.31)  (vjl} 

(8.32)  (M^ 


*  ?(D  , 

J 


)  R,  'U')v:  ■  5  -Civ 


(1)  1 2 

I,J  ' 


*J  v  J 


+  | vxi ! j ! 2  for  any  ’ 

U')  i  6(|z|-l)I  for  any 


where  6  and  c  are  positive  constants  and  c  may  be  chosen  arbitrarily  small. 

We  shall  use  the  methods  of  Kreiss  in  [2]  in  order  to  construct  the  above 
symmetrizer  for  the  matrix  iMj(£')>  so  that  in  addition  to  (8.31)  the  estimate 


r  8 . 33) 


ReUR^U'jM’.U’))  ^  6(-^=i-)  I 

J  J  r 


holds  for  any  ^,€fiT3(c(i).  Then  as  in  [3]  one  obtains  for  the  matrix  (s')  = 
ri  U  J 

°xp( irM! ( z, ' ) )  the  estimate  (8.32).  Unfortunately  the  coefficients  e,  (C1)  in 
u  k 

(8.2?)  do  not  satisfy  the  condition  of  the  Ralston's  note  [8].  For  example, 
e^(5')  are  not  real  for  |z|  =  1.  The  following  lemma  provides,  however,  the 
necessary  estimates  for  the  imaginary  part  of  ^(C). 

Lemma  8.8.  There  is  a  neighbourhood  fi_(c')  and  positive  constants  K  and  6 

R  o 

such  that  the  estimates 


(8.31*)  Jim  e  U')|  *  K|lm  e0  ( C  ’ )  | ,  k  =  1 , . . .  ,q-l 

(8.35)  |lm  eQ(cM  |  5  +  r3^  > 

hold  for  any 

n  U 
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Proof:  We  shall  not  take  advantage  of  the  specific  form  of  our  difference 
approximation.  What  will  be  essential  in  our  proof  is  the  dissipativity  of 
the  difference  scheme. 

For  any  complex  r  consider  a  mapping 

A,  A. 

(8.36)  k'  =  cp(x',r)  =  ( exp(  itc '  r  )-l ) /r  . 


The  function  tp(x',r)  depends  analytically  on  k '  and  r  (including  r  =  0) 
and  the  mapping  k'  -*■  (p( tc ' , r )  is  one-to-one  for  bounded  x '  and  sufficiently 


small  r.  Since  Mj(c')  =  ip(Mj  (r  '  )  ,r) ,  the  mapping  in  (8.36)  transforms  the 

roots  of  the  equation  |M'(c')-*'l|  =  0  into  the  roots  of  the  equation 

«J 


]  Mj  (  C ' )— tc  *  1 1  =  0.  Denote  L'(k',c')  =  L' ('P(K*  »r)  .  Then  the  mapping  in 

(8.36)  provides  a  one-to-one  correspondence  between  the  roots  of  the 


equations  |L,(k,,S,}|  =  0  and  |L'(k',£')|  =  0.  Since  the  equations 

|M!U'  )-<  *  1 1  =  0  and  |L'  (<',£')  I  =  0  are  equivalent  in  Q(k'),  it  follows 
J  J 


that  the  equations  |M' ( C 1 )-< ' I |  =  0  and  |l,(k',^,)|  = 

A  J  ^  A 

neighbourhood  fi(xj)  6 he  point  xj .  The  matrix  L'(k' 
the  amplification  matrix  G  in  (5*23)  and  is  given  by 


0  are  equivalent  in  a 
,£')  is  connected  with 


L'(k',c')  =  exp( i< ' r ) ( z ' I-G ' ( k '  ,C '  »r ) ) 

where 

G' (x*  ,r )  =  (G(tcr  *r '  *r)-I)/r 


(the  factor  exp(iic'r)  =  k  is  due  to  the  fact  that  the  original  difference 
operator  L  in  (5.2)  was  multiplied  later  in  (5-21)  by  the  shift  operator  E^). 
The  consistency  of  the  difference  approximation  implies  that 


O’ (<’ ,0)  =  -i (Ax’+BS’ )  . 
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Since  k'  is  real  and  j <  *  |  +  |£'|  ^  0,  the  matrix  Ak  +  B£'  has  distinct  eigen- 
J  J  'J  J  ^ 

values  and  therefore  the  matrix  G'(K',5',r)  is  diagonalizable  for  any 

(<'  )  €  n(xpxn(c^): 


G’(K',C',r)  -v  diag(g^,g^, . . .  ,g^) , 

where  g'  =  g* ( ic * ,r) ,  k  =  i,2,...,n,  depends  analytically  on  k ' ,  and  r. 

K.  xC  /» 

In  our  characteristic  case  we  may  assume  that  g^( k '  '  ,0 )  =  0  and  therefore 

g^(K',C',r)  =  0(r).  Since  1  0,  the  equation  |L,(k',C,)|  =  0  for  c’£G(Cq) 
is  equivalent  to  the  following  n-1  equations 


(8.37)  =  0  ,  k  =  2,3,. ...n  . 

Since  the  values  g^icj  , £^,0)  ,  2  £  k  *  n,  are  distinct,  it  follows  that  k'  = 

is  a  root  of  only  one  equation  of  the  type  (8.37),  namely  for  such  k,  2  J  k  <  n, 
which  satisfies  =  z^.  We  shall  omit  the  index  k  in  this  specific 

function 

g'U,£'  ,r)  =  ,r ) 

and  rewrite  the  corresponding  equation  (8.37)  as 


z'  -  g'(x,C'  ,r)  =  0  • 


Let  us  denote  by  g(tc,£',r)  =  1+rg ' ( k  ,£ '  ,r )  the  corresponding  eigenvalue  of  the 
amplification  matrix  G(tc ' *r #r ) .  Then  the  last  equation  may  be  written  in  the 
following  equivalent  form 


(8.38)  fU\c’) 


in  z  _  in  g  (r  ,C  ,  r ) 
ir  i  r 


0  (where  7.  =  l+rz ')  . 


ti  i  *.  itui.  j  At  i 
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The  function  f(tc',c')  is  analytic  in  fi(xj)xfi(CQ).  For  c'GtKCg)  the  characteristic 
equation  ) M J ( C * )-x'l|  =  0  is  equivalent  in  fi(Kj)  to  equation  (8.38).  Since 

|k’I-M^U'  )  I  =  (k  1  -lcj  )^-eq-l(  ^  '  )  *  ( K  '-IC j  •  •  •-eQ(  C  1  ) , 

it  follows  that  ie^C^'),  k=Q ,1 , . . . ,q-l> are  coefficients  of  the  Weierstrass  poly¬ 
nomial  corresponding  to  the  function  f(tc,tC').  Define  a  function 


fU’  =  f(«'  ,c ) , 

where  —  is  a  symbol  of  complex  conjugation.  The  function  ?(<',£')  is  analytic 
in  k'  but  not  in  t;' .  For  we  have 


(8.39)  fU'  ,C* )  =  [ an (  1 2, )  )-2.n(g(<' ,C' ,r)  *g(K’ ,r)]/(ir)  . 

According  to  estimate  (5-27)  our  difference  scheme  is  dissipative  of  order  U, 
Therefore  for  real  <’,£'  and  r  there  is  an  estimate 


(8.U0'  g(x’  ,£  '  ,r)*gU'  ,£'  ,r)  =  jgU' ,£' ,r)  |2  t  l-fir^ 


provided  jic'j  +  (£'|  is  bounded  away  from  zero.  Consider  an  analytic  function 
of  the  complex  variables  k',£'  and  r 


h( < ' , £ ' *r )  =  g(x' ,£' ,r) »g(ie' ,£' ,r) 


and  let  us  expand  it  in  a  power  series  according  to  r 


h(  tc '  ,£ '  ,r  )  =  1  +  T  h  (  k  '  ,£  '  )r 1 


i  =1 
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Let  and  r  be  real.  Then  h(ic',^',r)  =  |  g(  <  '  ,£ '  ,r )  |  and  it  follows  from 

(8.1*0)  that  the  first  non-zero  coefficient  h^K'.C')  should  have  an  even  index 
i  =  2m  <:  U  and  should  be  negative.  Actuaily  m  =  2,  since  otherwise  the  scheme 
would  be  dissipative  of  order  less  than  !* .  Therefore 

h( k 1  ,r)  =  1  +  0(r‘) 

also  for  complex  <',C'  and  r.  Let  now  k'€Q(k!)  be  complex  and  £'€Si  (t;'),  i.e. 

J  n  0 

and  r  are  real.  Then 


(8.1*1) 

gU'  ,r)‘g(tc'  , 

and 

(8.1*2) 

— i — (b(*c* 

t  follows  now  from  (8.39) ,  (8.1*l)  and  (6.1*2)  that 

8.U3)  |  f(<  ’  ’ )  -  f(<',C)|  i  K(14^  n3) 


(8.1*3) 

and 

(8.1*1*) 


9f(<;^')  _  3f(K',C')|  f  Kr3 


Denote  f  q(c')  =  Then  Im  f  g(c')  =  (  f  (  kJ  ,  (, ' ) -f  ( <  j  ,  r, ' ) )  /  ( 2i )  and  using 

(8.39)  and  estimate  (8.1*0)  for  real  <  '  =  k- j  we  obtain 


(8.1*5)  |  Im  fn(c')|  i  d)!2!-1  j-  r-*)  . 

0  r 

Therefore  one  can  replace  the  right  hand  sides  of  estimates  (8.1*3)  and  (8.1*1*) 
by  K  |  Im  f  ^  ( z;  *  )  |  .  Thus,  the  function  f(tc',c')  satisfies  the  conditions  of  lemma 
8.9  proven  below.  The  correspondence  with  the  notations  of  the  lemma  is  as 
follows : 

Z1  =  ic'-Kj  ,  W  =  and  I)  = 


vfi  i  f*nT  of  the  We  i  erstrar 

_  (c.)  k  =  are  coetfl 
Since  the  functions  teyU  >. 

.  r.x  we  arrive  according  to  1~  8.9  and 

polynomial  corresponding  to  H*  ,C  ’  s)_  0ur  proof  in  valid  for 

„»  (bao  -  «*  -  ;rder  or  ilssi,u,i«  u, . 

..^nce  approximation.  If  the  ora 

_nv  dissipative  difference  apt'  } 

any  dlS  P  .  in  (8.35)  by  r  • 


any  dissipate, . -  --  3  ,R  i  b  /'-J 

instead  of  l,  one  should  replace  r  .  •  t  slK„  for 

...  _ _ _  „ 


rt  follows  I  rum  w---’"  u 

- 

.  n  ic  piven  by  formula  (3.14)-  »ln(- 
K'.UO  i„  the  halfplane  Im  <  >0  »•  -  ,  uith  j„  *•  =  Im  tj,  and 

pJis  independent  of  t'€0,UJ).  »  •>-“  «*«  4  “«>‘  _  .  „ 

P  but  is  a  limit  point  oi  a  .ei 

Be  a.  ,  0.  such  point  does  not  bclons  »RU0  •  , 

iT  „  (r'il  >  6He?. ’  and  e.(t  )  _  tl|^ 

((^,^,r)6ap(i;'),r>0}.  Then  »  o  o5>  the  matrix  H'U’ ) 

u  -  4.;.,,  , . :  ,-onvi l  u>  .o  k  .1 

r,  i  .  Therefore  tnf  *•  - 

o( He  Z'),  b  =  0,1,- • • *  i  x 
may  be  written  in  a  form 


<'  =  *'  + 


'J 


-  formula  (MM  ^  ^  fOTUla  (l.lM  w  are  alls  to  construct 

"t‘“teS .  Jl),tM  for  the  matrix  HlUO-  ««•  «*  notations  of 

the  required  symmetriter  „ 

.  ic  represented  ao 

Kreiss  in  [2],  the  matrix  * 


iM’U’)  =  iK 
J 


.  j  +  i C  +  iE(c')  -  N(C'),  where 


C  = 


'«e  eq-l  ° 


E(t')  = 


Re  e 


rnm. 


A. 


Then  K  U')  =  (D+B)-iF,  w!n-f  ••  an  i  • 

1),  eR  and  n'F  defined  in  ; j  lemma.-  ,  i  ,  .  •  a 

So  theorem  8.2  in  prove!  module  ’ f-  11  w. 
Lemma  S .  9  •  Let  f(z  ,v),  where  w  =  l  z  ' 

variables  analytic  in  a  neighbourh-a  d  f  *  f,»- 
fH  0,0)  =  0  and  f(z  ,0)  is  regular  <  f  ■ r  h  r  ; 


the  Weierutrass  polynomial  corresponding  t v  the 

and 


that. 

for 

any 

w  belonging  to 

come 

•t  icff 

;>  ro 

t  he 

foil  lowing 

er.t 

i mat  c  ! 

ho  id:*: 

( 8 .  itf) 

> 

! 

|f(: 

vwM 

”  l'w 

|iL 

z ,  ,w) 

ji' 

- 

.  ,  w  ; 

3zi 

1 

wh  ere 

f(z 

1’W) 

=  f( 

Zi  ’W 

)  and 

f  n  (  W  > 

-  f(u 

Then 

there  in 

come 

ne  i 

ghbou  r! 

flood  'o 

c  Cr‘' 

■  tant;'.  K,  and  6  such  that  for  any  v€pn„. 

I  ’«■ 


1  fjn 


^  ,a  ..... a  ,  .  Since  o.(0)  =  0  it  follows  that  j I m  s(o  ,o  )|  < 

1  ?  q-1  J  1  ^  ci~± 

6  |  Im  f  (w)|,  where  6..  is  arbitrarily  small  if  one  sets  c 0  small  enough 


.  Let 


is  write  the  integral  expression  for  Irn  o  (w)  : 


Imon(w)  =  z?  •  (f-f)dz.,  +  <})  •  (f-f)dz1  ). 


The  functions 


z^f ' (z1,w) 
f(z1,w)f(z1,w) 


r  f  *f 


and 


fU-^v) 


1  r  f 


are  continuous  on  TxA’  and,  hence. 


the  difference  of  their  values  at  the  points  (z^.w)  and  (z^,0)  may  be  bounded 
by  arbitrarily  small  constant  if  one  chooses  e^  in  a  corresponding  way.  Let  us 

„q 


note  that 


f(z1,0) 


is  analytic  function  of  z..  and  therefore 


r  f(z1,o) 


(f ' (z2 ,w)  -  f ' {z1 ,w)  )dzi  =  0 


Limilarly , 


zi*f ' ( z1,o) 


-i -  •  +  g(  Z  ,  )  , 


f(Zl,0).  f(Zl,0)  f  (0,0)  M 


3qf ( Zl ,0) 


wnere  f  (0,0)  = 


l!  3zn 


V° 


in  non-zero  and  q(z  )  i i\  analytic  function. 


non 


1 
U  7T 


s?*f'(  z,  ,0) 


r  f(z1,o)f(zJ ,o) 


(f(z  ,w)-f(Z] ,w) )dz  = 


-q*im  fQ(w) 


f  (0,0) 


;1  v,  using  estimates  (8.1*6)  and  (8.1*7) ,  we  obtain  for  sufficiently  small  e. 


]  im  a  (  w)  |  ;  A  |  : r.  Llv)  j 


and  therefore 


_  1 4‘i 


]  Im  ep(w )  |  :  6  |  lm  l"0(w)  | 


for  some  constant  <5  independent  of  wGI.'DA'. 

w 


8.3.  Proof  of  theorems  *3  - 1— *o  -  3  in  the  ne  Ighbourhood  <i(cA)- 

'  vj 

We  consider  first  the  case  t  U.  The  operator  P  in  estimate  (6.9)  is  now 
defined  as  P  =  A  =  diag(A, A, . . . ,A) .  Theorem  5-3  is  formulated  now  in  a  follow¬ 
ing  form: 

Sufficiency :  If  (UKC)  is  satisfied  in  $!(c Ai  and  dim  S(0,l)Ker  A  =  1,  estimate 


(o.9)  holds  in  Q(Cq)  with  |zq|  =  1. 

Necessity :  If  estimate  (6.9)  holds  in  J2(c' )  with  |  !  =  1+a  Ax,  where  an  >,  0, 


then  ( UKC )  is  satisfied  in  and  dim  3(0,1)  Ker  A  =  1. 

Theorem  6.?  is  replaced  by  stronger  theorem  9.3  and  theorem  6.1  is  formu¬ 
lated  locally  by  means  of  estimate  with  |z_,|  =  1  +a„Ax  and  3  0. 

Let  us  consider  the  more  complicated  case  Re  ;  »=n  {7.^  f  •,) .  Using  trie 

variables  v(x)  =  X  (c')u(x)  and  'Hx;  -  T  R(  x  )  we  arriv-  as  in  subsec- 

t  Lon  7.2  at  equations.  (7  .hc>) .  The  columns  of  t  matrix  X.  ( L '  '  as-  well  as 


the  component::  of  the  vector; 


vr,.,  tx,, 
r  1 


and  }  (x)  are  past  .t  i  or.r-d  in 


natural. 


way  when  Re  k!  =  0.  Since  the  column  X  i :  not  included  it.  the  group  i,  equation 
o  i 

(7.A6)  (  C)  should  be  rewrit, ten  a.: 


<8.T1)  ^(c)X0(c,)v0(D)+S(c)X.f(r/)vl(0)+2(t)X11(c,)vf:!(0)+i5(c)Xjh,)vj0)  =  g  . 

The  r.ymmetrizer  R(t')  is  constructed  as  a  block  diagonal  matrix ,  where  tig- 
par-  tia.l  blocks  are  denoted  according  to  the  partition  of  the  matrix  X(c ' )  • 


ief  ine  R  ( t '  ) 

=  - 

■cri , 

where  c  i 

•  >  <A  SITl  ci 

..... 

pot  it  J  ve  constant.,  and 

t  ’  )  =  R (  1  }  (  C  ’ 

OO 

)®R( 

2),  , 

1  )  -  r  i  f  ;  . 

I  f  Re 

r : 

u 

.-J 

2C 

arr-  - 

ief  i  red 

in  subsection 

8  .  V: 

’ .  If 

Re  k  , 

J 

),  then 

h'1 

j 

( r  '  )  —  i  and  fur  Re  * 

j 

' 

' '  t ' )  =  -c  r . 

The 

mat  r 

ice.:  R.  (f 

.),  k  = 

2,  i 

,...,n,  are  defined  sirr.i 

1  <\y  1  y 

accord 

Sj  whether  j 

*  j 

k 

■  i 

or  k  !  - 
k 

1  .  be: 

us 

note  that,  for  Re-  k  [  f  (\ 

,1 

if.  fc.i 

i  1  ows 
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(M(. 1 )  (  C '  )  )*R  ^U’  )(^t  t' )  = 

=  (i  +  rM'.U'  ))*H(,1)U'  )(J+rMj(c'  ))-R^U'  )  -i  <$r  [ 

for  r  >  0  sufficiently  small.  Since  r  t  jz-l|  >  jzj  -  1,  estimate  (8-32)  holds 
f°r  any  j  =  l,2,...,t.  So  the  symmotr i zero  R„(c')  and  R  (s')  satisfy  for  any 

QO 

C'£r.„(r')  the  conditions 
n  U 

(3.52)  mJ(c'  )RpU'  )Mp(c'  )-RfU’  M(  UI-DI,  , 

(S.33)  ^RpifOv^s-dvjl2,  v*R0(?')v0>-cr|v0|2,  v*Rj  C '  Jv^r  |  vj 2. 

Applying  to  equations  (7-^5)  the  generalized  energy  method  as  in  subsection  7.2 
we  arrive  at  an  estimate 

(b.5M  5(  (z|-l)||v||2  +  [(vI1(0)|2  +  |v^2){0)|2+  r|v^l)(0)|?-c(|vI(0)|2+r|v0(0)|?Ux 

-  HR  ( £ '  j  G  f  . 


'ince  r(T  J'(q'))n>  r(T  1  ( (;  ’  ) )  J)  L  ’  ,  (T  '  (  z, '  ) ) 1  and  (T  x{^'))  are  analyti< 


>  /  r  n  1  ^  ' 


in  Q(^q),  it  follows  that 


II  R(c’  )Gir  sr  KIIFH2. 


Analagously  to  lemma  7-7  we  have 

lemma  8.10.  The  condition  (UKC)  in  the  neighbourhood  is  equivalent  to 

the  condition  det  S( cQ) ( XQ( c^) »  X^lf ;^))  7  0  . 

Proof:  Let  us  construct  a  block  diagonal  matrix  U_,(c')  with  partial  blocks  de- 

noted  an  in  the  matrix  M  (r, ').  For  k  =  and  j  =  1 t  with 


0  the 


Re  < /  0  we  set  U,  and 

J  k  j 

matrix  U^^(c')  is  defined  as 
J 


as  unit  matrices,  and  for  Be  k!  = 
in  (8. 30). Thor:  U(c’)  =  diag(U0,Upi( t • )  ,Uj  = 


diag(Up( C ') jU^), where  and  are  unite  matrices  of  corresponding  order.  The 

matrix  tU^')  depends  continuously  on  £ '  at  the  point  with  the  value  U(Gq)=I 

and  IL,,  (c1)  provides  a  similarity  transformation 
r  X 


UFlk')MFlU')UFl(?,) 


Nll(4,)  N12(;,) 

o  n22(c') 


For  ^'GJ^(Cq)  the  spectra  of  the  matrices  N  ((;')  and  N^^C1)  corresPond~ 

ingly  inside  and  outside  the  unit  circle  |x|  =1.  Considering  the  homogeneous 
equations  (7.1*5)  (A),  (B)  for  F  =  0  and  performing  a  transformation  v  =  U(^')y, 
where  the  components  of  the  vector  y  are  partitioned  according  to  v,  we  arrive 
at  the  equations 


Exy0  = 

=  0 

' 

J, . 

N  „  I 

(..  1 

LI 

12 ! 

r  i 

(Ex- 

0 

Nooj  / 

[yii 

_ 

C  CL  j 

U' 

-M  F.  )y 

<X>  X  CO 

=  0 

Hence  for  C'€fiD(c')  the  general  homogeneous  solution  of  equations  (8.55)  in 
n  O 

f.p(x)  is  given  hy 

yTT(x  )  =  y  (x  )  =  0  for  v  k  0,  y  (x  )  =  0  for  v  >  1  and  y  (x  )  =  (c)y.(o) 

I  I  V  <*>  V  U  M  XV  XXX 


and  the  corresponding  homogeneous  solution  of  equation  (7.hb )  (A)  is 


-  lit  7  - 


(8.56)  <p(xv,£')  =  (4>1Uv,c’),...,y>n(xv,s'))(y0(0),yI(0))'  = 

X(c')U(4’)(y0(xv),yI(xv),0)1. 

The  nm-dimensional  vectors  <p.(0,?'),  j  =  l,2,...,n,  are  continuous  functions 

J 

of  at  the  point  Since  the  matrix  X(c')  is  non-singular  (we,  actually, 
use  only  the  independence  of  columns  X^( )  ,X^ ( Cq ) ) »  it  follows  that  the  above 
vectors  <p  (0,c')  are  independent  for  any  and,  thus,  may  be  used  for 

the  definition  of  the  matrix  N(£,z)  in  (5-30).  So  the  matrix  N(f,,z)  =  N(?')  de¬ 
pends  continuously  on  C'  at  the  point  ^  and  NUq)  =  &(  r,Q )  ( XQ(  Cq )  ,X].(  ^ ) )  •  The 
condition  (UKC)  obviously  implies  that  det  N(tg)  f  0.  The  converse  is  also 
true  if  one  takes  ^(£g)  small  enough. 

Let  us  return  to  the  boundary  condition  (8.,]).  If  (UKC)  is  fulfilled, we 
have  an  estimate 

(8.57)  ! vQ( 0 ) 1 2  +  |Vl(0)|2  <  K(|vI;(0)|2  +  (v^Co) |?  +  |fi|2)  . 

V  ^ 

Suppose  that  in  addition  dim  S(Cq)  her  A  =  1.  For  r  =  0  the  columns  of 
( XO  C  '  )  ,X^ 1  ^  ( t,  ’  ) )  span  the  space  Ker  A  and  hence  the  columns  of  S{  Cn)X^ 1  ^  t '  ) 

(J  00  U  00 

depend  linearly  on  SU^XgU')  +  0.  Then  for  any  r/€fi(t,g)  there  is  an  estimate 
KjCO)  |2  <  K(|vn(0)|2  +  I  v£2 }  ( 0 )  | 2  +  |  rv^1 }  ( 0 )  j  2  +  |g|2) 


and  therefore 


(8.58) 


|vI(0)l‘ 


+  r 


|v_(0) |  *  K(  |  v 


II 


(o)|2+| 


S2h 


( 0 )  r 


r|v(l)(0)  |2 


Ip.I2) 


Choosing  the  constant  c  in  (8.5*0  to  be  small  enough,  one  derives  from 
(8.5*+)  and  (8.58)  : 


6(  |  z  |  -1 )  ||  v  II 


>(  |vF1(o)|2+ 


|  v^  2  ^ ( 0) | 2+r  j 


v0(°)r 


+r  |  v^  ^ ( 0  )  | '  ) AxpK( 


7.  | -I 


Since  ||u||2  =  ||  Xv  ||  ^  $  Kjv||2  and  AX  (r/),  AX  ^ 1  ^  ^ ' )  =  0(r),  we  get  the  required 

U  00 

estimate  for  theorem  5.3: 

2 

(8.59)  (  |z|-l)||u||2  +  |Au(0)  j2Ax  <  +  |g(2Ax)  . 

If  only  (UKC)  is  satisfied,  it  follows  from  (8.5**'  and  (8.57)  that 

(8.60)  (  |z|-l)  llvll2  +  |v(0)|2Ax  $  +  | g |2 Ax  +  |vJo1)(0)|2Ax)  . 

The  value  of  v^\o)  is  giver,  by 

vi1}(0)  =  l  (M(l)(5’))V(T"1(r,'))^1)F(x  ) 
v=0 

since  is  a  nilpotent  Jordan  cell  of  the  order  m-1.  Therefore 

00 

m  k|fJ  K|fJ  9  m-l  „ 

I vi  )  ( 0 )  t  ?  -7—  S  ,  *here  | ( 2  =  ^  I F(x^)  |  '  . 

If  |zq|  =  1  +  a qAx  with  aQ  >  0,  it  follows  for  any  |z|  >  |  z^  |  that 


Ax 

(M-D2 


and  we  arrive  at  the  estimate 
(8.61)  (|z|-|z0|)llull2 


o  II  F  [|2+ 1  F  i 2 

! u( 0 )  |  Ax  f  K (—(—-[ -  j  ■  °  1  i-  | g I  Ax') 
|Z|  1  01 


which  is  obviously  stronger  than  (b.8). 

It  remains  only  to  prove  the  necessity  part  of  theorem  5.3.  Suppose  that 
(UKC)  is  not  satisfied  in  Q(r,^),  i.e.  det  S(  <;Q)  ( XQ(  r,^ ) ,  X  f  ) )  =  0.  There 
exists  a  non-zero  vector  (y^( 0 )  ,y  ( 0) ) '  such  that 


-  1U9  - 


S(c0)(X0(^^)y0(0}  +  XI(c^)yr(0))  =  0. 

Using  the  vector  (y^O),  y  (o))  we  define  by  (8.56)  a  homogeneous  solution 

u(x)  =  ip(x,A')  of  equation  (7-^*0  (A).  Then  the  vector  g  =  g(t')  in  (7-^M  depends 

continuously  on  £'  when  t'  *■  Cq  and  kI'Iq)  =  0.  Estimate  (6.9)  implies  that 

)  AX  (  c  ’  )U(t')(y0(0),yI(0),0)'  |  <  K|gU')|2 


and  hence  AX^ ( ^q)Xj ( 0 )  =  0.  Since  the  columns  of  X  (i^)  are  independent  of  the 
space  Ker  A  ,  it  follows  that  y^(0)  =  0.  Therefore  yQ(0)  t  0  and  S(  )XQ(  1,'  )  =  0. 
Since  t  and  depend  analytically  on  A,  it  follows  that  S( A )X^( A ' )y0(  °)  =  = 

0(r)  and  estimate  (6.9)  implies  that 


|yQ(0)|2  <  K|u(0) |2  5 


K  lu.  2 
Ax  5 


Fixing  z '  =  Zq  +  c  with  small  positive  e  and  defining  z  =  1  +  rz'  we  obtain  that 
|zj-l  a  re.  If  r  and  Ax  tend  to  zero  in  such  a  way  that  |z|-|z  |  =  j  z  | -l-a^Ax  irt./? , 
we  obtain  that  yQ(0)  =  0  and  (UKC)  follows. 

'b  .  .  V. 

In  order  to  prove  that  dim  Ker  A  =  1  let  u.s  assume  first  that  He  z^>0. 

Consider  equations  (7-^5)  for  t'G J^Aq)  with  g  =  0.  Assume  that  the?  grid  function 

F(x)  given  in  (7*^*0  vanishes  for  x  with  v  1  m.  Since  the  matrix  M,,,(a')  is 

v  H 

partitioned  into  blocks  ( a ' )  and  M  (a  '),we  may  write  for  r  0: 

m-1  _  _  m-3 

(3.62)  v  (0)=-  l  M"  'V')(T  (C')),rF(x  ),  v  ( 0  )=  l  M  U')(T  (A'))  F(x  )  . 

T1  v£0  n  ii  v  -  v£0  *  w  v 


T}].-  vectors  v__(0)  and  v  (0)  are  functions  of  A'  and  the  values  of  v,  (0)  and 
1 1  00  7 

7,70)  may  be  found  with  the  aid  of  the  boundary  condition  (8. S'  ).  We  denote 

7o,a')  =  rv(0).  Since  the  matrix  ?  (t,')  =  rT  J(a')  is.  analytic  in  Q(r>(^)  and 

; :  IKC }  is  satisfied,  it  follows  that  also  v  ( 0 ,  A '  )  1:  analytic.  The  analytic  it.y 


i 


of  (T  1(C'))F1  and  (T  1(c’)/2)  implies  that  v  {0,c')t  =  0(r). 

Since  the  last  row  of  (T  ^ (  CA )  )  ^ ^  ^  is  non-zero  and  M ^  "*  (  C  '  )  is  a  niinotent 

U  co  oc 

Jordan  cell,  one  can  obtain  any  value  of  v^^(0,cA)  by  a  suitable  choice  of 

eO  (J 

F(x).  The  vector  v(0,?^)  satisfies  the  boundary  pond. t ion 


(8.63)  S(r>0)X0(c')v0(0,5*) 


+  ^o]hUb]  V0’^ 


sun)x(  J ]u ' ; 

u  «»  0 


'U) 


Suppose  that  v  (0,c^)  f  0.  Since  Au(0)  =  lZx(c,’  )v(0,c '  )/r  and  AX  ( r, 1  ) 
=  0(r),  it  follows  that 


!  Au( 0) I  =  { AX  T ( ^ ' )vI(0,C ' )/r  +  0(1) |  s  ~  , 


0  . 


c ) 


where  S  is  a  positive  constant.  Then  the  estimate 

? 


implies  that 


Kr 

FFi^ 


i  ry  ,2  K  i-F 

|A“»I  ;  irrpppg-- 

0  for  any  |z  |  •  | z |  =  !+i>,/.x  aid  any  Ax 


which,  as  shown  in  the  above  proof  of  (UKO ) ,  is.  not  true.  This  last,  .-ont.rad ac¬ 
tion  means  that  Vj(0,Cq)  =  0  and  the  vector  S(  Cr,  )/L  ‘  ' 1  v,, '  !  ..  ;  ;  ort  !  nt> 

al  to  ^(Cq)Xq(?q).  Since  the  columns  of  ( X,  '  r,^  j  ,  ’/}  ‘  1  ( r„ ’  )  )  ..pan  the  space  Ker  A  and 

-  ( i  ) 

v  (0  ,r')  may  accept  any  value,  it  follows  that  dim  S(r  )K<t  A  -  !.  If 

00  u 

Re  ?.q  -  0,  we  can  fix  any  z  j  r.ucn  that  Re-  ?■  J  ■  0  and.  t.  j  =  '  f  '  ,z  (,  )€h(  f,*() . 

Then  there  is,  some  neighbourhood  ,i(r,!)  c  h( r *  )  ,  and  <u  i  ;  mate  it, .o'  holds,  i  r: 

i.  •  •• 

So  we  prove  the  necessity  part  of  theorem  for  lb'-  neighbourhood 

iiup. 

Let  us  now  turn  to  the  case  z,'  =  1.  The  or'-r ator  1  in  ■  i  '.mat.'- 

should  he  defined  as.  P(t’)  =  1(6),  where  r,  =  f ’.r  .  '"h*  c-me  1  .1-'  .  '  ns-- 

formulated  locally  in  a  neighbourhood  i<(  r,')  in  a  natural  way .  i  ■  -  ‘  ns  define 
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the  symmetrizer  R(t')  as  in  the  case  z*  ¥■  0.  Since  there  are  no  blocks  M'  with 

o  J 

Re  <'  =  0,  we  may  write  r  instead  of  |z|  -  1  in  (8.52).  Therefore  [zj  -  1  in 

J 

(8.5M  should  be  replaced  by  r,  so  that  we  obtain 


(8.6U)  6rJ|v!)2+[  |2+lvi2^0^  |2+rlvil)(°)  |2_c^  lvj(°)  j2+n|v0(0)  |?]Ax?K- 


B(C'  )G 


Since  rz'(T  1(c'))n5  rz'(T  1(c'))^,  z'(T  and  (T  1  ( C,  ’  i  J  ^  ^  ^  are  analy- 

U  C°  H  1 

2  2  2 

tic  in  fi^^),  it  follows  that  ||  R(J,')G„  £  K  j|F  II  / 1  z 1  |  .  Lemma  8.10  is  now  proved 

easily  since  the  matrix  Mp^(c')  is  partitioned  into  the  blocks  M  ^.  ( f, ' )  and  M^(r, ')• 
We  should  only  recall  that  the  columns  of  the  matrix  (Xg(c^),  Xj(^’^))  are  inde¬ 
pendent  according  to  part  (c)  of  lemma  8.6.  If  (UKC)  is  satisfied,  we  have  esti¬ 
mate  (8.57),  and  if  additionally  dim  S(t,r))Ker  A  =  1,  also  (8.58)  holds..  Zo  in 
the  last  case  instead  of  (8.59)  we  obtain  an  estimate 


(8.65) 


mf  .  I.WIS'V 

r 


which  is  obviously  stronger  than  estimate  (6.7)  for  j  z  |  =  i .  if  only  (UKC) 
is  satisfied,  we  get  instead  of  (8.60)  an  estimate 

r||v(|2  +  |  v(  0 )  | c"  Ax  t  k(  -■  l‘~— -  +  |  g  | '  Ax  +  j  ‘  1  {'))  ]'  Ax'), 


where 


i  ,:|?8  K|5.l 

|v-  (,)l  -  tor  ;  ftt 


'"hen  estimate  (6.8)  with  j  z  |  =  l+u^.Ax  i  follows  as.  in  t.h<-  case  z(’  f  0. 

In  order  to  prove  the  sufficiency  part  of  theorem  '•••■  l«-t  us  introduce 
grid  vector  functions  v(  x)  and  (}( x )  whose  com} ononts  are  partitioned  accord  ing 
t  o  v(x)  and  G(x)  and  are  given  by: 


'  (  I  )  ,  (  !  )  1  I  ) 

v  =  rz'v  ,  v  =  r-z'v  ,  v 

0  0  "»  »■  >■  i 


and  G(x)  is  expressed  in  terms  of  G(x)  ir.  the  same  way.  Kquations  (A), 

(B)  remain  unchanged  in  the  new  variables: 


(8.66) 


( A  )  (  E  -  M  ( C, 1  )  )  v  v  x  )  = 

x  1  B  r 


(B)  (1  -  M  U'  )E  )v  (x)  =  (x! 

oo  x  00  00 


Let  us  modify  the  former  symmetrizer  RU,'  )  by  changing  H  and  R  '  from  -crl 
and  rl  to  -cl  and  1  respectively.  Applying  tc  the  above  equations  the  general¬ 
ized  energy  method  with  the  modified  symmetrizer  we  get  instead  of  (8.64)  an 


eat imate 


(!3.o7)  Srllvll2  +  [  |  ( 0 )  |  '  +  I  v„(  0)  |  ‘  -c(  j  v  ( (  0  )  |  ‘  +  !  v(  '  ■') !  |  ‘  J  Ax  :  - • 

."in  ce  det  £(  C,Q)  (XQ(  t,'Q) ,  Xj(c^))  f  0,  the  vectors  v.'e)  and  v,  (  ,■  in  (8.M  }  are 


! inear  functions  of  v[T(0),  v  (0)  and  r 

1 1 


r. 


if  r  =  0,  the  vector  &(  c,  )X^ 1  ^  ( r. '  )  v''  ‘  1  i  ! :  €  1  h's  A  ■  !"  t  ■  ft  •  -na .  •  s. 

0  rl 

:.H  r,r))Xp(  t, '  ) ,  and  therefore 


If  z '  -  0,then  by  part.  L )  of  i  chl'ci 
form  a  basis  of  her  !’ (  t,  >  ai.d  ,  .  , 

urn  ns  of  f"(  r,  i  (  X.,(  r.  ’  ;  ,  /.  .  r, '  '  •«!•• 


us  i  tig  the  i  rov  : . .  i. 


■ii  :  r.  t.v  "X!  r 


-  lr/i 


|v(0)|2Ax  <  K(~-  +  1 8 1  ^Axy  . 

Let  us  note  that  according  to  part  a)  of  lemma  8.7  it  follows  that  !IG'<K;IW 
On  the  other  hand 


IVU)u(0)=£UMX0U'  )v0(0)+X^1)(c,)v^l)(0)+X^)(r.,)v^J(0)+X(?)(c,)v(P)(0))  . 

Lrce  rU)XQU')  =  P(O^U')  =  0  if  rz'  =  0  and  PU)X^(c')  =  0  if  z'  =  0, 
it  follows  that  |P(c)u(0)|  s  K|v(0)j  and  therefore 


1^(£)u(0)12Ax  (  [[  F  j|2  ld!^  . 

'Zl_1  "  M|z|-1)2  \z\~1) 

The  last  result  together  with  (8.65)  gives  us  the  estimate  (6.9) . 

Suppose  now  that  estimate  (6.9)  is  satisfied  in  U(  r' )  with  l’U)=PU) 
and  |z0j  =  1+aAx  i  0.  We  shall  show  that  (UKC)  is  then  fulfilled.  Otherwise 
there  exists  a  non-zero  vector  ( Vq(0) ,v.  ( 0) ) '  such  that 

SUMXqU'  )vq(0)  +  XjUMv  (0))  =  K(r,’)  and  r,(^)  =  0  . 


Let  v(  x )  be  the  solution  of  equations  (7.!»9)  (A),  (B)  for  F  =  0  and  e,'€ii  (t,^) 
corresponding  to  the  above  vQ(0),  v^O).  Since  the  matrix  ( f,  ’  )  is  partitioned 
into  blocks  M  ( c '  )  and  MT  .  ( r  ’  ) ,  it,  follows  that  v,,(x)  v  <x>  0.  The  columns 

i  i  I  11  o' 

of  the  matrix  ( XQ(  r_ ' )  ,x  ( t ' ) )  are  independent  for  any  r/CiiU;  ).  Therefore 
ii’iS  =  HX0(A')v0  +  ’  )v  ||  ||V  n  .  Estimate  (6.9)  in.pl  Los  that 


8-t>8)  "  v« '  +  Axji^fJ  X(ro’ )v(0)  |‘  /(  l'/-|-[z  |  )  KAx  |  g(  r,  *  )  | '  /  (  j  z  |  - 1  z  j  ) 


Sin-"  p(  si  ^  (  C  ’  )  =  0  and  the  columns  of  p(o)X^'  '  ( r  <  )  n.-«.  ,  ndf|  •■rid'-nf  ,  it 


JU 


**«*■<< 


-  15U 


follows  that  V^2)(0)  =  0.  Let  us  estimate  the  term  Since  (  4  1 )  = 

1  +  0(r),  we  have  for  any  vector  w  an  estimate  |m|^ ^(4  ’  )cpj  ;  (l-Kr)|<p[.  Hence 
llv^ll2  i  6  Ax  |  v|^  '  (  0)  |2/r,  and  (8.6£)  implies  that 

|v^(0)|2  ?  Kr }g( 4 1 ) | 2/(  |z|-|zQ|  ). 

Let  us  set  4'  =  (f',r,  z'=r)  with  r  >  0.  Then  |g(4')|2  =  |o(4’-4q)|2  =  Ofr2) 
and  | z | — | Zq |  =  r^-a^Ax.  When  r  and  Ax  tend  to  zero  in  such  a  way  that 

| agAx |  s  r  /2,  we  obtain  from  the  last  estimate  that  ;(0)  =  0.  It  remains 

only  to  show  that  S( 40)XQ( 4q)  +  0.  But  the  vector  Xq(4')  depends  actually  on  f, 
so  that  for  4^  =  (f,^,0,z')»  XQ(c|)  =  X^c.^).  Taking  some  point  4|€ft(4(!))  with 

Re  z'  >0  and  its  neighbourhood  ft(4j)  c  £2(4q),  we  prove  as  in  the  case  z^  i  0 

that  £U0)X0U|)  ?  0. 

Let  us  now  fix  a  point  r. '  =  (£>Q,r,z,=0)€W(c>(,-))  with  r  ■-  0.  Then  there  is  a 

small  neighbourhood  £i(  t;  j  of  the  point  4  =  (  z=.  I  )  such  that  for  any  f,€w<  4.  i 

the  corresponding  point  4'  belongs  to  S2(  4^ ) .  Since  (6.9)  holds  in  1/(4^),  \  < 
holds  also  for  4  =  ( 4,7.  )€fi(r,,  )  with  |z|  -1.  According  to  the  local  version  of 

theorem  5-3  proved  in  subsection  7.2,  we  conclude  that  dim  0(4j  )Ker  = 

(n+l)/2.  It  follows  then  from  the  considerations,  of  continuity  that 

dim  i>(  4^  )Ker  P(0)  r  (n+l)/2.  But  the  (n+l)/2  columns,  of  S(  4())  (  Xfl(  4q) ,  X.j 1  ^  (  4^ )  ) 

belong  to  f>(  4  )Ker  6(0)  and  are  independent,  according,  to  (I1KC).  Therefore 

dim  $( 4Q )Ker  P(0j  =  ( n+ L )/?. 

It.  remains,  now  to  show  that  dim  S(4r)  Ker  A  =  1.  Since  w<>  prove  theorem  9.3 

\' 

ioi’afiy,  we  can  not  refer  to  the  case  2^  f  0  where  6  was  set,  <-jual  to  A.  How- 
'■vr,  the  proof  is  . 'Similar.  Let  us.  take  in  (  J .  Ah  j  a  grid  function  b  ( x )  vanishing 
for  x  .  mAx  and  set,  ,t  =  0.  Tiien  the  corresponding  values  of 


vTT  (  0)  ,v^  ( 0)  and  v^(0)  in  (8.62)  are  of  order  U(l/z')*  0  (}/(rz'j)  and  '  i  ’ 

l  l  00  oo  ^ 

respectively.  Therefore  the  vector  v(0,c* )  =  rz'v(O)  depend;:  analytical ly  on 

~  (o) 

C’€fl(c' )  with  vTT(0,C ' )  =  0(r)  and  v'  =  o(rz').  Cui-pci.e  t  i.a*  •-.•r.dit  ; 

0  IT  00 

5.2  is  not  satisfied.  Choosing  suitable  F(x)  one  can  assume  that  the  vector 
S(£r,)Xl'1'lU'  )v^(c')  in  (8.63)  is  not  proportional  to  S (tn)X  (r’),  and  lienee 

v  (0,^q)  #  0.  We  have  already  proved  that  the  columns  of  c,q)  (  X^(  r,(\  )  ,x''^  ( z’y 
form  a  basis  of  the  space  SvCq)  (Ker  P(0)).  Since  the  vector 

X(l)UA)v(1^UA)  belongs  to  Ker  A  c  Ker  P(0),  it  follows  that  v^^O.t')  ?  0. 
oo  0  00  U  I  u 

We  have  an  estimate  6Ax  |  v(, 1 }  ( 0 )  | 2  K  ll( T—1  ( t, '  )'  P^FII  2 

li„VlJ  i|2  _  _  ! _  _ i _ 


(8.69) 


5 


6&x'!v[l)(0,;'  )  |2 


K  11FII2  _  6lAx 

h-li2  '  rU-i  j? 


Since  the  norms  of  the  remaining  components  of  v  are  of  smaller  order,  if  fell 
2  5  Ax 

that  Hull  5  - —  ■  But  the  last  estimate  contradicts  the  estimate 

'Ml 

? 

p  K”  i|  Ft} 

Hull  £  - - — '—z  for  positive  z.  Thun  ,  theorem  5-3  i  i’  cempJ  et r  I  y  proved. 

(Pl-i)2 
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,.3'  a'  =  a  =  (K-l)ain(f;'r/?)/r,  g’  =  B  ’  (  k-  *  ,  e;  ’  )  =  i<  '  sin(  (J2 )  , 

C '  U  \  r,  ’  ) 
z '  k  +  - r2 - 


,C'  '  =  L(<  ,0/r 


( ^  '  :un(  f, '  r /c  )-C ’  ( <  '  )) 


=  e(t 


v:  .cf(' *  i  I  C  1  ,  < '  ,  c, '  )  ir  considered  ur.  a  polynomial  of  second  decree  in  C '  with 
•a  efficients  depending  on  The  values  of  c,k  in  (a. 3)  are  r.iver.  by 

.  •>.;>).  For  r  =  0  we  obtain 


o .  u 


C’(<’  ,5’)  =  -AF,’  +  Biic '  ,  and  L'U',;')  =  -z ' -( C  ’  (  k  ’  ,  r ' )  )‘72 


3;  r.ne  ! !,'  (  <  ’  ,C'  )  |  =  0  when  z'k  =  0,  it  follows  that  |  L '  (<  '  ,  r, '  )  1  =  z  '  <p(  <  ' ,  c  '  ) , 
vh«ro  p(k-',c')  is  a  polynomial  in  k'  depending  analytically  on  C '  . 

‘he  characteristic  equation  for  the  e1 -matrix  L'  ( «:  ’  ,.r.’  ) ,  when  <'  is 
t.ounded  and  r  is  small  (so  that  <  =  -1+rx  ’  #  0),  in  equivalent  to  the  equation 


p )  =  0  • 


".:.e  matrix  L' (*',!;’)  may  be  decomposed  as 

L’(k\c')  -  -(l/2)(s|hf')(8.',!+CM  , 

vh’Tt'  -s'  are  roots  of  the  quadratic  equation  f  (  r>  t, '  )  =  0 , 

1,4. 

*  1,  s.j  and  si,  depend  analytically  on  s'  and  r, '€il(  r,^)  ,  und 


i  v’  - 


"0 


clear  that  Im  r.|  „(  c’ )  #  1  for  *  0  ana  He  •/»  >  0.  We  shall  suppose 

L  y  <  '  '  '  1  U 

t  hat  ano  that  1m  r.  *  ( i,^)  »  0  and  therefore  Im  t,^)  <  0.  For  z^  =  0, 
and  si  are  cont  inuour.  functions  of  *  1  at  id  o'  at  the  point  (*',£') 

r  J  v  * 


ctnd  ^vCq)  =  0-  According  to  formula  (3-3) 


Jp’T+C’l  =  - '  p,,(  a'  ) 


Then  using  (9.6)  and  the  fact  that  s’-rj  =  -2z'k  ,  we  obtain  for  z'  *  0 


;  9  •  T ) 


p(x’,i;')  =  const.  pn(a,,B',^)p0(»',6',Op' 


It  follows  from  the  continuity  considerations  that  (9.7)  is  also  valid  for 
=0.  Thus,  for  t'  =  even  in  the  case  =  0  equation  (9.9)  may  be 


written  as 

O  .  S  ) 


•  1  no  e 


the  x ’ -polynomial  p  (-4' ,ix' ,s’ )  is  regular  for  any  values  of  ^ 


•  polynomial  p(x’  ,Cq)  is  also  regular  in  As  in  statement  3.1  one  can 

snow  that  for  s’  =  0  or  1m  s'  4  0  the  equation  pQ( ,  i  w '  ,s  ’  )  =  0  has  (n-l)/ 
roots  k'  with  Re  <'  >0  and  the  same  number  of  roots  with  Re  x*  «  0.  There¬ 
fore  equation  (9.8)  has  no  imaginary  roots  x',  and  the  difficulties  assoc¬ 
iated  with  constructing  the  symmetr i zer  in  subsection  8.?  do  not  appear  here, 
f.et  k  '  ,x  ’ , .  . .  ,x'  be  the  different  roots  of  equation  (9-8)  with  multiplicities 

X  C.  A. 

^  ^  It  is  clear  that  F  q  *  ^  '  =  2n-2.  As  in  sub sect. ion  8.3  we 

J*1  0 


( 1 1  ( 1 ) 

ll  ,q2  ’  ‘  ‘  ’  llt 


.■elect  small  neighbourhoods  £J(xj)  of  the  points  x’  ,  ,1  -  l,f’,...,t,  and  cir¬ 
cular  contours  rf.  cfl(x')  bounding  other  neighboruhoods  Q  (x* ).  Then 

opt.  small  enough  so  that  any  root  x’  of  equation  (9-5)  belongs  for 
€ 1  i  ( Cl, )  to  some  nQ(xj).  For  any  5  ’  €fl(  r.^)  with  z'r  r  9  we  define  ns  in  (8.8) 
:v.*  ualiy  orthogonal  projectors 


-  VO 


r 

P.(c’)  =  (2ni)  x  4)  L  WA  UHk  ,  =  1 ,2 , .  .  .  ,1 

J  U-'er: 

j 


Q  .  Q 


P0(c)  =  (2iri)  1  j  L 


'<er 


o 


p  (?)  =  (an) 


-i 


<er 


(l(co)(k,c))  1A0(^)d< 


o 


Here  as  before  fg  is  a  contour  around  =  0.  For  j  =  we  can  write 


f  9-10)  Pj(c')  =  ( 2ui  )  1r  1  j  F(  <  )  [  L'  (  k  '  ,C  ’ )  ‘L®0(n_1  )n  1  E( *  $]_(  C  )dtc ' 


f  k  *er 1 


,(D, 


Nov  unlike  P  '  ( r/  )  in  (8.9)  each  of  the  projectors  P.(z')  has  a  singularity 
J  «3 

-1 

of  the  tyre  r  even  in  the  neighbourhood  tt(r')  with  ?,•  f  0.  However,  the  pro- 

u  u 

, lectors  Pn(0  and  P  (O  have  similar  features  as  in  Section  8. 

03  M  ) 

lemma  9-1  a)  There  exist  matrix  valued  functions  X„(t)  and  X  (c)  =  (X  (c), 

-  0  00  OD 

>V^(0)  analytic  in  fU^g)  whose  columns  are  independent  for  any  ;tfi(Cg)  and  form 
for  z  ^  1  a  basis  of  the  spaces  Im  and  Im  P^Cc)  respectively. 

b)  X  (0  is  one  column  matrix  and  consists  of  the  singular  eigenvector  <p  (0,0- 

The  columns  of  X^^C.z)  form  a  singular  .Jordan  chain  of  length  m-1  correspond- 

%(oo) 

ing  to  the  eigenvalue  k  =  0  of  L  (k,£,1);  this  chain  is  generated  by  the 

a.  ( co )  . 

singular  i  >ot  function  (f>  (k,£)  at  the  point  <  =  0  . 

u  ( i ) 

T:  The  columns  of  the  matrix  (X„(ti,z),X  '(tt,z))  form  a  basis  of  the  space 

°° 

her  B,  where  B  =  diag(  ii,B, .  •  .  ,B)  .  The  columns  cf  X^^Cq)  form  a  basis  of  the 


space  Im  diag(0,0,B,B, .  .  .  ,E)  and  are  independent  of  the  space  Ker  P(tt). 

:  5  There  are  matrix-valued  functions  M^(  '  0  and  Mw(  c )  =  '(t;)®Mro  (  c) 

analytic  in  Sl(  5  )  satisfying  the  identities 


J 


0 


A \  V.':,;  +  Af){  c/!Xr)(  r, )  = 

A ( r  1 X  (rjv  (;'•  +  A  (r)X  (rj  =  0 

and  M  (c)  is  a  Jordan  matrix  with  eigenvalue  k  =  0. 

The  proof  is  a  word  for  word  repetition  of  the  one  used  in  lemma  8.2  and  i 
therefore,  omitted. 

Consider  now  the  projectors  P.(t')  in  {?. 10).  As  in  (8.1b)  we  define  an 

operator  Q 4>(ft(K'. ))  -+  <Tnn  by 
J  J 

(9.12)  Q^U’Hp  =  (2Tti)"1  |  F1(k)L'  (<’  )~\o(k'  )dK'  . 

Pj 

.'or  rzf  7*  0  the  images  of  Q^(cf)  and  P.(^!)  coincide.  If  i-  0,  we  can 

rite 

(s^(c^)l  +  C’(k',^))“3  x 

j 

x  (s{,(  r,’o)  i  +  c'(k'  ,  ) )  _1tp(  tc '  )d<'. 


(9.13) 


^,j(Cq)iP  =  ( 2ni ) 


F1(-l) 


Tiie  roots  tc of  equation  (9-8)  may  be  divided  into  two  groups  I  and  II 
J 

according  to  whether  Re  k!  >  0  or  Re  ic !  <  0.  Each  group  consists  of  n-I  ele- 

J  0 

merits.  Let  be  a  contour  in  the  half  plane  Re  < '  >  0  surrounding  all  the 

points  of  the  group  I  and  analogously  the  contour  I  T  in  the  half  plane 

I  L 

He  <’  <0  surrounds  the  points  of  the  group  II.  Define  the  projectors 


J.!*) 


P^U’)  =  (2lTi)_1  {  +  C'(k' ,t^))~1Bidic' 

FI 


P-^U^)  =  (2u  i 


+  C’(  k',(M)  1  It  i  d  k-  ’ 


_  le.l  - 


and  similarly  P^.^(Cg( 


and 


p^(c'  ) 

IT  V^(T 


Suppose  that  Cg  =  0,  and  hence  C'(k',Cq)  =  Bik'.  Then  the  image  of  pj^'C^g) 
is  spanned  by  the  eigenvectors  the  matrix  B  corresponding  to  its  negative 

( 2 ) 

eigenvalues  and  Im  (?g)  sPanne^  by  those  eigenvectors  which  corresponding  to 
to  the  positive  eigenvalues.  Therefore  we  obtain  a  decomposition  of  the  space 


I  in  a  direct  sum 
(9-15) 

and  similarly 
(9.1.6) 


Im  P(l)(^) 


Im  P(2)(C^) 


Im  ®  Im  Pj2)(^) 


Ker  B  =  <E 


Ker  E  =  t 


One  can  consider  the  projectors  in  (9.1*0  as  homogeneous  functions 

1,11 


iero  order  depending  on  free  variables  Cg 


and 


(2) 

3 ion  for  Pi. 

2  I  >  1 1 


tjj,  where  in  the  expres- 


is  replaced  by 


in  d 


consisting  of  points  (£g,e|)  with  real  C(\  and  Im  sj 


Let  D  be  any  compact  linearly  connected 

0  and  including 


a  point  (0,s|).  One  can  select  the  contour: 


T  and 


IT 


in  such  a 


root 


of  the  equation  p  ( -i'Q,  Ik ' ,s.J  )  pn( i<  '  ,-s’  )  =  0  wil 


O'  O’ 


cros: 


that  no 
these  con- 


(1 1  (o) 

tours  when  (£g,s.p€D.  Then  the  projectors  p|  '*  depend  analytically  on 


l5',o')€D  and,  thus,  equalities  (9.15),  (9.16)  hold  for  all  hut  a  finite  num- 
her-  of  the  fractions  £g/s^.  oince  for  z ^  4  0,  Re  Zg  2  0  and  real  the  point 

(£,,,s^(Gq))  may  be  included  in  such  domain  D,  it  follows  that  (9.15)  and  (9.lO 
hold  for  all,  except  possibly  a  finite  number  of  the  fractions  C'/-:  j  ( r-Q )  •  Let 
un  now  formulate 


Assumption  9-1.  Equalities  (9.15),  (9.l6)  hold  for  any  point  r'  with  real  I  ' 
and  Re  Zg  3  0,  Zg  ^  0. 

It  may  be  easily  verified  that  this  assur.pt.  i  ■  ir.  is  satisfied  in  the  ruse 
of  the  acoustic  equations.  We  shall ,  actually,  not.  use  'his  assumption  in 


-  162  - 


study  of  the  block  structure  of  the  matrix  L(x,£)  and  only  apply  it  in  sub¬ 
section  9-3  for  the  proof  of  theorems  5-1-5. 3- 

Let  x'.  be  a  root  of  the  polynomials  T'q(  -C^i  x  C  \  ) )  and  p^-f,^,  ix  '  ,s£(  5^ ) ) 

( 1 )  ( p ) 

of  multiplicities  q  "  and  u  '  respectively  (only  one  of  this  multij>licities 
nay  be  zero).  Define  operators 


LIT)  Qj1)(5')4>=  (2iti)_1  |  F1(tc)(sj(K' ,r/ )I  +  C '  <  k  '  ’  )  )  X<p(  tc  ’  )dK  *  , 

rj 


[9- 13)  Q^U'to  =  (  2tt  i ) _1  0  F  (k)(s'(k,,c')T  +  C  '(x',5’)  )-1cp(  x  '  )dx  1 

Tr, 


i,et  us  rewrite  (9-17)  in  a  form 

(9.19)  =  (  ?7Ti  )-1  |  F(0[(s!(kM')I  +  C'(K'  ,t'  ))_1  *  1/  .v  lipUOdx' 

J  Jr,  l  lm-l;n 

J 


Supposing  that  x  =  -1  +  x'r,  we  denote  by  X ( < * , C ' )  the  whole 


nmxnm  mat¬ 


rix  in  the  last  integral.  For  r  4-  0  the  matrix  L(k,;)  with  x  and  t  given 
by  (9-2)  may  be  considered  as  a  linear  regular  x' -matrix.  Since  the  x'-matrix 
1. 1  ( <  ’  ,  c  ’  )  is  a  right  divisor  of  L(x,c)  and  has  q^X^  eigenvalues  x'  in  fiQ(xj), 
it  follows  by  remark  2.5  that 


dim  Tm  5  (  r, '  )  =  . 


The  image  of  Q ^ X  ^  (  Cq )  is  isomorphic  to  the  image  of  the  operator 

’ 

(p(x')  •>  (27ii)'1  0  (nfU’j)!  +  C'(x’  )dx* 


and  hup ,  therefore,  the  dimension  q .  .  Hence,  (9*?‘0)  holds  for  any  r 

Him  Marly  we  have 


•  ■ 


Mp2  =  diaR(Mj,M^,...,M;),  Mfl  =  -I+rM^,  Mp  =  MQ  9  Mp] 
and  their  partitions 

M'  =  )  and  M....  =  (M  #MrI)  . 

r  1  111  r  L  III 

A  usual  T(  r,' )  =  ( A  (  A  )X,.(  A '  ) ,  Af)(  t, )  Xj  r, '  ) )  and  the  row:;  of  the  inverse  matrix 

"  ' >r,' )  are  partitioned  and  denoted  according  to  the  columns,  of  X  ( r.  ’  ) .  Defin- 

i  li*.-  {<.(/;')  and  B  (c'  )  ar.  in  (7.*'?)  we  arrive  at,  the  identity 


i  <';>  _ 


(9.23)  LU.OxU')  =  T(f  Mf^U*  )  +  kBjU'))  . 

For  r  ^  0  the  matrix  L(k,c)  is  regular  and  therefore  the  matrices  X(c') 
and  T( £ ' )  are  invertible.  For  r  =  0  we  have 

Sptt^U'))  =  F1(-l)lm  P^U') 

and  similar  formulas  hold  for  and  .  If  equalities  (9*15)  and 

(9.16)  hold  at  the  point  the  columns  of  the  matrix  (Xn(r'),  X^  (  r  '  )  ,Y  (  r  '  )  )are 

U  U  U  <»  U  J  U 

/  \  n  ^ 

independent  and  form  a  basis  of  the  space  F^(-l/C  +  Ker  B.  Similarly  the 

columns  of  ( Xn(  t, '  )  ,X^ 1  ^  ( t, '  ) ,  XTT(t'))  form  a  basis  of  the  same  space.  Then 
we  can  represent  X^. -^ ( c *  )  for  r,'  =  (  ,z'  ,0)£9(  £q)  as  a  linear  combination 

(9.21*)  X^U')  =  XI(''.')C)(C')  +  XQ(C'  )Cr/r,'  )  +  , 


where  the  matrices  ),  CQ(r,')  and  C^i t ' )  depend  analytically  on  r,'. 


Lemma  9-2.  a)  The  matrices  T  3(t,')  =  r‘T  3  ( r,  ’  ) ,  r(T  3(c')),„ 

— -  J*  1 

are  analytic  in  Jl(r'). 

^  "  - 1  (  1  ) 

b)  The  last  row  of  the  matrix  (T  (£,'))  is  non-zero. 

U  00 


and 


r(T 


-1 


t’ro of :  Suppose  first  that  Re  zj  >  0  and  equalities  (9.15),  (9.16)  are  satis¬ 
fied  at  the  point  r’.  If  Re  < >  0  let  us  define  a  function 
0  1 


<-m 0(t' ) 


K  1  — M  At') 
_ 1 

K+l+r 


1  <  ’  3  -NT :  (  C  '  ) 

=  (-iTK.)irnw — 


W'+l  )l>  =  ip  ,  (  K  ’  ,r.’  ) 


J/  \  ^  j  y  ^  ' 

1  ' 

wh'-fe  the  product  is  taken  over  1  t  i  <  1. ,  i  #  j  .  For  r  >  0  the  function 


iP.(k,£')  depends  analytically  on  <  in  the  uni*  dire  | k |  ;  ; .  The  mapping 

k  -*•  k  '  =  (ic+l)/r  transforms  the  unit  circle  (  k  ]  -  .  into  the  circle 
|  k  '-( 1/r )  |  =  1/r  in  the  half  plane  He  *  '  >  T '  is.  *.o  veri  fy  that  the 

integrals  (D  1 1(1  ( < '  1  )d< '  I  are  uniformlv  bounded  for  r, '€f2(r' j  with  r  *  d. 

'HI*!  J 

Let  r/etl _(c').  Stability  of  the  Cauchy  problem  implies  estimate  (8.?3)  for 

n  0 

^  j 

any  <  with  |k|  =  1.  Multiplying  the  matrix  L  {<,(,)  by  and  inte¬ 

grating  with  respect  to  <  around  the  unit  circle  |k|  =  1  we  obtain 


Since  <p  (M  (  c  '  ) » C  1 )  »  .  (M!  (c  '  )  ,c  '  )  in  a  nonsingular  matrix  and  the 

J  J  J  J 


X.(t')  are  independent,  we  get  the  e 


st i mate 


ll(T_1(t')).i!  S  K/r  . 


As  in  the  proof  of  lemma  8.5  one  can  show  that  the  matrix  T  ( r. '  >  .has.  a  singu¬ 
larity  of  the  type  1/r^  and  therefore  the  matrix  r(T  ^  ( r, '  ) )  is  analytic 
;n  Suppose  now  tiiat  (9-15)  and  (9-l6)  do  not  hold  or  Re  s'  =  n. 

I  n  il(t')  we  can  choose  a  point  r'  =  (£'  ,z'  ,0)  witii  real  f'  ar.d  H**  z '  >  n  such 

(J  iii  .11 

that  (9-15)  and  (9.16)  hold  at  t;' .  Then  the  matrix  r(T  *"  ( r. '  )  )  is.  analytic  in 

some  neighbourhood  n(c')  c  J2(c' ).  Since  the  matrix  T  ( r,  * )  lias,  in  $1(  r  ’  )  a 

k  J  _  1 

singularity  of  the  type  1/r',  it  follows  that  r(T  (  r,  *  ) )  ^  is.  analytic  also 


r 
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If  Re  ic  ’  <0,  one  should  define  tp  ( ic ,  ^  )  as 
j  J 


,  Jiel-M.U') 

J  'i#j 


nc+l-r 


*+l- 


so  that  the  function  k"1^  {  k~1  ,  r, ' )  is  analytic  in  the  unit  disc  |<|  <  1.  Then 

•[.:  before  we  get  the  estimate  H  (T  ^ ( C *  )  . ii  6  fC/r  and  the  analyticity  of 

J 

r'  T-1  ( t'  ) )  follows.  For  ,j  =  0  or  j  =  ®  the  function  t')  is  defined 

i  J 

a,-  in  the  proof  of  lemma  7.6.  We  arrive  then  at  an  estimate 


«(T-1(r/))  II  s  K/  ( j  z  |  -1 ) 


i-l 


and  the  analyticity  of  (T”l{c,))n  and  (T-  U’))„  follows  as  before 


Let  now  c * €fi( c A, )  with  r  =  0.  We  shall  repeat  the  arguments  used  in 
der  to  prove  that  (T-1  ( c,M  ^  -  0.  Let  ur  fix  in  (9-23)  a 


d.h  m  or 


of  <  different  from  the  eigenvalues  of  tor  all  z,  '€fl( 


i  \ 

J  * 


;  f  v€Irr  1  ^  ' r, '  ) ,  then  also  v£K.or  fir,')  and  therefor* 


frtf.OXU’  Mit.U*  ‘v  *  0  • 

U  U  i 


or,, ting  u  -  we  nave  X(r/)u€Ker  ?.(<  %r,Q)  c  lion  R.  "he  com¬ 

ic  men t ;;  of  the  vectors  u  and  v  are  supposed  to  be  partitioned  according  to 
•  ....  columns  of  XU’).  Let  us,  recall  that  the  columns  of  the  matrix 
I  if  r  * 


•  )  x  (c'),X  \t'))  belong,  to  the  since  Ker  B  +  F,(-l)€  ,  and  that  the 

FI®  J 

imat 

(2) 


,  iimns  of  X^U'),  which  form  a  basis  of  the  image  of  d  i  ag(  0  ,0  ,B  ,R , .  . .  B) , 


(  ?) 


independent  of  the  above  space.  Therefore 

•  .  ( - ,  'i  -  _  1  (  - , 

r  •  )juw  '  =  0.  Hence  (T  (  '  ’  ■  =  1  ■ 

i.-i/i  1  y  t  i  c  in  !}f  ) . 


-  a  and  also  v ’ 

05 

, r i  x  h-r'i(r.’))('>l 


and  *  he  mat 
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Let  us  now  prove  the  second  part  of  the  lemma.  Denote  X-1^)  =  r2X-1(r>'). 
Using  (9-23)  we  can  write 


X-1U')  =  (^(O+K^U1))  XT  1(c-)l(k,^)  , 


where  k  is  fixed  as  in  (9-25).  Since  T_1(^')  is  analytic,  it  follows  that 
X  1  ( r, '  )  too  is  analytic  in  fl(c').  Let  now  r  =  0.  Since  (T_1(;'))  =  (T-1(t')/2^ 

=  0,  it  follows  from  the  block  form  of  Bq(C')  +  kE^U')  that  also 
(X  (?'))F1  =  (X  (c'))^^=0.  If  v£Im  X  ^(c')  then  also  v€Ker  X(t.'),  and 
since  vpi  =  v^2)  =  0,  we  obtain  that  )v*l!  =  0.  But  the  col¬ 
umns  of  (Xn(s'),  X^(c'))  are  independent,  and  hence  v„  =  =  0.  So  ue  have 

shown  that  X  1(c')  =  0  for  r  =  0  and  therefore  rX  is  analytic  in  n(r,^). 

Let  us  represent  the  singular  eigenvector  $  ( k , tt  )£Ker  3  as  a  linear  combination 


;  9 • 26 ) 


X0(c' )u0(r^) 


x(1)(o 


w:.'-re  r,’  =  U’,z',0)  and,  hence,  XQ(  x,  '  ) ,  X^1  ^  ( t, '  )  do  not  depend  on  £'  and  s'. 

■  'ince  for  different  values  of  k  the  vectors  ( >c , u )  span  the  space  Ker  B,  we 

may  assume  that  the  last  component  of  u^Uq)  is  non-zero.  Let  us  define  a  vec- 
v  u  Uv  C.Q  )€I  by  completing  uq(^q)  and  u^  "^((^)  with  zeros  in  the  remaining,  com- 
i 1  rient.-. .  Then  for  x,'  =  U',z',r )€Sl(r,')  and  £  =  n-^'r  we  get 

d>f)(  <  ,0  -  X (  C '  )u(c,'))  =  r-A ip(r, ')  , 


AU>(  r, ')  is  analytic  in  Then  the  vector  function 


Au(p’)  =  rX  1  (  X, '  )  A(p(  r, '  ) 


is;  also  analytic  in  A(Cq)  and  defining  u(c')  =  u(r')  +  Au(r, ')  we  obtain 

«P0(k,O  '  X(c')u(c’)  . 

Let  us  denote 

(B0(t'  )  +  kP;iU'  ))&U'  )  =  vU'  )  . 

Then 

T(c’)vU')  =  LU,O<P0U,O  =  o(z-l)  =  0(r2)  . 
Multiplying  the  last  equality  on  the  left  by  T  1(^*)  we  obtain  that 


rU*  )  €  ini  T  1  ( r, 1  ) 


Let  C’  =  U’  ,z'  ,0)€fi(^).  Since  (T~1(  t  ’  ) ) =  (T_1  (  ^ J  =  0,  we  conclude 
that  also  v  U1)  =  v^U’  )  =  0  and  therefore  u,,,(r, ')  =  u -  0.  Then 

j?  _L  oo  m  J  oo 

the  uniqueness  of  representation  (9.20)  implies*.  that  un(r. '  )  =  u  ( c, ' )  and 

J  vj  U 

u'  1  ^  ( t  •  )  =  u^^(tA)*  It  follows  now  that 

OO  oo  (J 

v(  1 )  ( r, ' )  =  (I  -<M‘  1  '  ( r,  ’)  )u  1  '>  ( r ' )  . 

OO  CO  oo  Q 


I'ince  tlie  last  component  of  u  ^  (cl)  in  non-zero  and  M^^fr.')  is;  a  nilpotent 

OO  ()  oo 

•'or dan  cell,  we  conclude  that  the  last  component  of  1 ' ( p ' )  and,  therefore , 
the  Last  row  of  (T  are  non-zero.  The  lemma  is  proved. 


Let  < he  a  root  of  the  equation  I  ,( -f, '  ,  i  *  '  ,z  ’  =  f>)  with  nultj r 1  icily  q  ,  . 
j  1 1  '0  o  0 

Then  r.  is  a  root  of  equation  (9.8)  with  double  multi  pi  ieity  L'q  .  .  The  matrix 
"  k"'.  ,h'. )  =  A£q  +  H  lie  *  ha::  a  zero  eigenvalue  of  some  mul  t  i  pi  i  c  i  i,y  p  >1.  As  in 
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lemma  3-*+  there  is  a  non-singular  matrix  D(k',c')  analytic  in  fi(  x  '  )  xQ(  c,^ )  , 
which  provides  a  similarity  transformation 


V . 77 )  D-1(k' ,c' )C' (<’ ,c  )D(k'  ,c’  )  = 


N  ( «  '  ,  r, '  ; 


N  C,  '  ) 


N0(k  '  ,r.  ’ )  = 


o  1 


0  ‘  0  , 


e,  e.. 

j. 


P-  i 


where  the  coefficients  =  e  (<•  ,r,')  vanish  at  the  point  ( ►:  ^  ,  c, i. )  and  the  matrix 

.7  (k',5')  is  non-singular  in  fi(  k  !  )xfi!  z,  \  .  We  may  assume  that  the  first  column 
of  tlie  matrix  D(k',(;')  is  the  singular  eigenvector  <p0(a',S').  Denote  the  second 
column  of  D(k',^')  by  (Pj(k'>s').  It  is  obvious  that  tiie  kernel  of  the  matrix 

C '  (  k  ,1,1)  is  two-dimensional  and  ip,  (  k ,  c, !  )  is  the  second  eigenvector  of  this 

1  o  _  J  V. 

matrix  corresponding  to  the  zero  eigenvalue.  Multiplying  the  matrix  l  {  N^(  *.  '  ,r, '  )  , 
(the  function  l  is  defined  in  9-3)  on  the  left  by  the  matrix  Ej  as  ir. 

>mma  and  then  by  E0  =  diag(-(z'<)  ^  ,2 ,2 , . . .  ,2 )  we  obtain 


■  •  the  first  column  of  the  matrix  Mr'  is.  imiv  .  Mu  i  t  :  ;  1  y  i  ng  the  matrix  thus 

■  a  i  :  on  the  ]  eft  by 


E.,E1t(N0,K1  ,C’ )  = 


R1  "f 


"3 


e  .  -  1 

P-1 


0  0  1 

0  0  ') 


0  (.-j  e. 


0 


l'-I 
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1  -e  ~eU 


0  -eg  -e3 


-e  1  ® 

p-1 

.  -e  ,  1 

P  -1 


^  =  0 


1  0 


0 


0 


i  o 


we  get 


E3E2E1* 


el  e£ 


0  ex 
0  0 


0 

1 


0 


0 


+  0(r)  +  0(i’ ) , 


-here  again  tte  tint  «oK»  «  ^  ^  ‘  “  as  W« 

d.hote  Che  renting  ««ix  *,**  «V  ° 

'  "  '  ,PT,ntpd  by  the  same  letter 

. . in  (9.12)0,  a  nen  on,  denoted 

u)**(2,ifi  fcl*m**'W«*W,*w}1**''*' 

3  j 


Fj 


]o>U')aK’ 


4-  ^  n  (  r  1 )  in  (9*^8) 

operators  QaVt  j  iU 


and  (9-12)  coincide  and 

analytically  on  t;’£ftU0)' 
analytic  in 

can  writ" 


r  f  0  the  images  of  the  operas,  "S 

1  -nn  pa  The  new  operator  Qj(c’)  depend 

,ave  the  dimension  Sq^ •  ^  tw0  integrals  become 

Also  note  that  the  expressions  ^  ^  A-  in  lemma  3-^  we 

h( e j )xfi( Cp  wheel  multiplied  oh  Che  " 

,_Kr)ql  f  (s')  and  ’  *  *9  ' 


\r 


■re  f  (  k  '  )  and  f  (  < '  )  are  invertible  in  $}(*'.)  and  r,  >  1  i ;;  an  integer. 

1  O  x  J  f 1 

■  r '  =  Cq  the  operator  0..  (s'  )  in  may  be  written  as 


-1  /efK  ep(K  ’^qK 

.99)  Q.(c')4>=  (2ni)  F  (-1)  0  D(k’,c’) 

J  0  1  Jp  0  V  0  e Ak' ,T,l)' 

.1  1  b 


®  0  „  ip(  k  '  )dx  ' . 

n-2 


a.  =  1,  the  image  of  Q.(cA)  is  spanned  by  two  linearly  independent  vectors 
‘  J  J  J 

( -i  )4>0( -5(i  ,  ix  ', )  and  F  ( -1  ^ and  has  therefore  the  dimension  .  Tn  the 

re  of  q.  >  .1  we  should  make  an  additional 
.■i.'.  r.L-'.pt  ion  o.2.  Tiie  image  of  the  operator  in  (9.29)  has  the  dimension 

.  for  .J  =  1,2,.  .  .  ,t. 

Pet.  us  note  that  if  the  order  n  of  the  matrices  A  and  B  is  equal  to  3,  then 
v  ;  and  :s  =  q,,  =  1  so  that  assumption  9.2  i~  fulfilled. 

4-  (  i  )  /  (  O  j 

mr.n  9.3.  a)  There  exists  matrix  valued  function  X.iz,’)  =  (XT  (q’),X,  (<;’)/, 

- - -  0  j  «J 

=  1  t ,  analytic  in  fi(t’),  whose  columns-  form  a  i  as  i  s  of  the  image  of 

s';  in  (Q.93)  for  any  £  ’€il(  Cy  i . 

(  1  )  - 

For  7. *  =  0  the  columns  of  X."  { c 1  ;  he.ioru'  to  Ker  P(F, )  ( where  £>=,n-4,r) 

,j 

d  r,’})  =  F  (- L  )s  (  Cq  ) ,  where  the  column  •  of  XiUl)  form  a  singular  Jordan 

a  in  of  length  q  corresponding  to  the  ».•  i  genvaJ  ue  w  '  =  < !  of  th*-*  singular 
-matrix  -  Af.^  +  Bix'  . 

There  is  a  matrix  valued  fund, on  M ! r.  *  ‘  of  order  ■  q.xf;,  analytic  in  Silt,',) 

•r.  that  t  he  identity 


m  - 


he  matrix  Ml  (C1)  is  partitioned  according  to  the  partition  of  X  Ac,'): 
i  J 


Ml  ( t ’ ) 


“jnU'!  “jis''’’ 
m;?,uu  m'  2(o) 


Ml  C  ’  )  =  0  for  z’  =  0. 


1  roof:  Since  dim  Im  0,(^')  =  2q^  for  ?'eii(co)  with  rz '  £  0  and  for  C'  = 
the  dimension  of  Im  Q,  (c')  is  constant  for  all  points  £*  of  sufficiently  small 

tJ 

■  if-hVctirhood  ana  the  image  of  Q.(c')  depends  analytically  on  £ '€$}(?!). 

^  J  0 

f  1  ) 

l  ■■r.tt.e  by  '(C)  the  restriction  of  Q.(c')  on  the  space  cf  vector  functions 

J  0 

qh  < '  1  =  up  ^ ' ( k 1 ) ,0, . . . ,0) 1 ,  where  q>' 1 '  (  k  ' )  is  a  scalar  function.  For  z'  =  0  we 
q^U'b)  =  (2ni  )_1  j  ?L(K)^P0(<x’,B')e~1(K^,l')<P(1)(K,)dK,  . 


\K)(pn(a’  ,3'  )  ^  F  (  k  lip  ( a  ,  B )  =  op  (  <  ,  ^  )  £  Ker  P(0 


F,  (<)tpn(a'  ,6'  )  =  ^(-1)^(0'  ,6'  )  €  F  (-l)VQ  c  Ker  F(ir). 

( 1 )  a, 

for  =  0  the  image  of  Q.  ( £  ’  )  belongs  to  Ker  P(0-  Substituting  for 

J  a-rX 

<p  {  <  '  ;  respectively  the  functions  (k'-k!)  d  »f  (kM,  {  k  ’  — <  l )  *"  -f  (<’), 

J  t  J  i 


■1) 

ar.d  applying  the  operator  Rl  (t')  we  obtain  the  1,  columns  of 
( K ’  ,r n 

J  1 

)>:;(••  : 


f  t  ) 

x  v  . "  '  I  K  '  ) .  f  ir.cr  r 
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function  <Pn(-C',»i<'  )  at  the  point  < '  =  k  '  .  Therefore  the  columns  of 
and,  hence,  those  of  x/.~^(r')  are  independent.  If  Q(^')  is  small  enough, 

J  U  (.) 

limns  of  X^.^(c')  will  be  independent  for  any  f  '  £fi  (  f  ^ )  and  form  a  basis 

Q )  (  r/  )  for  z'  =  0.  One  can  add  to  these  columns  other  q .  ones  which  de- 

nalyt  i  cally  on  r/ .  in  order  to  form  a  basis  of  the  ?q . -dimensional  .space 

Ve  shall  denote  trie  nmxsq,  matrix  thus  obtained  by  X,(^')  and  par- 

J 

it  as  (x|^‘(c'),  X^.'  '  (  r, '  ) ) .  It.  may  be  assumed  that  X  .  (  r, '  )  =  Q,  (  r  1  )  < 1  (  k  '  )  )  , 
J  J  J  J 

(l),  72) 

'?  (  k  ’  )  =  (V  (k'))  is  an  nx2q .  matrix  analytic  in  fi(<!).  The 

»!  J 

M '  (  C  * )  is  then  defined  by  the  equality  Q  ,  (  r., ' )  ( < '  f(  k  '  ) )  =  X  .  ( .  '  )M '.  ( t '  )  • 
i  J  J  J 

s  in  the  case  z^  4  0,  one  car.  show  that  identity  (9.30)  is  satisfied 

at.  the  matrix  M!  ( Cl)  has  the  oi.lv  eigenvalue  k  '. .  wince  0  .  (  r. '  )  ( k  ,r  k  '  )  )  = 

,i  0  “  ,i  ’ 

(  ]  \ 

[  ~ '  )  ( < '  k '  ) )  and  for  '  =  0  the  columns  of  X.'  '({;')  form  a  basic  of  the 

im  •'(«.•),  ~t  follows  that  (ry;  =  f;  for  z'  =  0. 

• "  4  -  -1" 

sing  the  matrices  X_  ( c  ’ )  =  X_  ( i; )  and  X  ( ry'  )  =  X  (rj  defined  in  lemma  9-1 

lj  [j  OO  00 

id  the  whole  nmxnm  matrix 


x(c')  =  (x0U'),x1U'),...,xtU,),xoo(c')) 


m  it  as  in  the  case  z^  4  0.  We  additionally  partition  it  as 


,./.])  V(D  _  (v  Y(l)  y(l)>  V(H  _  y(3)i 

i/.  x  -  ix0,xK1  ,  xw  i-,>.  -  »x<B  /, 


,  •  =  !/m  _  :,(ns  u>) 


■  r, '  .  and  M. nr"  de1.  errr.i  t.ed  as  in  tine  previous  sub- 
i  rdinr  t  X  ■  '  .  i  -  fining  1  !  and  b-]  (  r  '  )  ns-  in 


:  t  we  arrive  at  identity  (D.DY).  For  rz  f  0  the  K-matrix  L(k,£,;  is  regu- 
t:.4  trie  matrices  Xfr/)  and  T(h')  are  invertible. 

i  -> .  4 .  a)  For  z  ’  =  0  tire  columns  of  X^'(r,  ’  )  belong  to  the  space  Ker  P{  E.)  , 
e  f  =  n-pr,  and  the  columns  oi'  ( X  (  r,  *  )  ,X^  '  ( r, '  )  ,  X^^(c'))  as  well  as  those 

,X'|  ;(c' ),  X'1;(r/))  form  a  basis  of  Ker  P(fJ. 

11  °°  (2) 

jr  r '  =  (C*  ,0,r)€Q(P )  with  real  r  f  0  and  real  £’  the  columns  of  X  (p) 

independent  of  the  space  Ker  P(£) . 

!’ :  The  first  part  of  the  lemma  is  proved  exactly  as  part  b)  of  lemma  8.6. 

!.:  go  on  to  tire  second  part  of  the  lemma.  Fix  a  point  £j  =  { £’  ,0,r^  ) €S2 (  ?q) 

F*  and  r^  i  0,  and  denote  F,  =  ir-£jr  #  it ,  ^  =  (£,  ,zr=l).  In  subr.ec- 

7.1  we  have  investigated  the  block  structure  of  the  « -matrix  Lak,C)  in 

riei gklournood  Q( r  )  of  the  point  t,  ♦  To  avoid  confusion  we  denote  tire 

.■spj7,i::;g  matrix  X(rJ  by  We  snail  cor.;.  ide>*  only  the  points 

'7  ,z  }€P.(  7 ,  )  with  z  sufficiently  small  so  that  the  corresponding  point 
1  * 

"  CJ  ,z’  ,r  )  with  s’  =  (  s.-l )  /  r’.  eel.. -'ore  go  Q(r,f'.!.  Denote  by  T .  ,  .1  =  1,2,.  .  .  ,t 

s  .instant  contour  -i  +  r  P..  The. ’a-.  .  ■  i  g.-nval  ues  of  the  c-matrix  !,(*/■)  near 

I  J 

: :  mt  *  =  -i  are  subdivided  rut  ,  t.  groups  surrounded  by  the  contours  F.. 

i .-ers/a:  ues  do  net  cron.-:  the  contours  F,  since  the  corresponding  eigen- 
•*s  s'  of  the  y  '-matrix  1.'  {<’  1 ) ,  where  o'  =  (  C  '  ,z  '  ,r.^  )€fi(  r,^) ,  do  not  cross, 

ror.  lours  F '.  .  The  columns  of  y {  r, )  are  partitioned  as  V  =  (Y  ,Y. )  and 

x  I  I  H  J  CO 

=  ’  Y  '  '  '  ,  Y  '  '  '  )  as  ;  r.  (7.16).  According  to  the  above  subdivision  of  the 
:. values,  k,  we  partition  7..  =  ( Y  ^  ,  Yr, , .  .  .  ,  Y  ) .  I.et  us  note  that  any  matrix 

;  :  u  t.r.i-  old  notaticr  ‘  ( Y  •  i  f)  is.  included  a:;  a  whole  in  ora-  of  the 


).  The  mate  iC'-. ;  Y.  are  also  r-art. :  t  ionr 


,Jl)  V(P) , 

u  as  (•  ,Y.  i  so 


that  the 


'.g  i  .o  K.ef  iff..;  arid  these  ■!'  Y“  r.  ,  )  -  (Y.!'  '(r 


r.'iei  r-nder.t  of  K.-r  !  ’(  F  ,  )  .  r 


U; *  <>,  r.j  )e.Q(r.;1) 


1  K.  ,z)€Ji(r.  j  } ,  tig-  space.-,  spanned  by  the  columns,  of  (  r, 1 


ini'  the  I independence  of  the  columns  of  7.  Ac,'  )  one  obtains  as  in  lem- 
the  estimates 

UT~ 1  (  C *  ) 'il  i  and  |irz  '  (T~1(  r/  . 


Mr  Z  1 

Ttr^r 


;  -.-at * :■»'  the  correspond inr  arguments  used  it:  part  a)  of  lemma  B we  prove 


:.t-  analytic-tty  of  T  U’)  and  r  ) }  .  Let  4*  =  ( £  ’ ,  0  ,r  )6ft(  )  with 

*  _  i  ( o ) 

■••a!  r  *  0  and  Since  Im  T  ( c,  ’  )  c  Ker  T(c')  and  the  columns;  of  X'  ( C  ’  )  are 

rrl  ■;  undent  of  Ker  P(  £ )  *  Vi  £ ) ,  we  obtain  ass  m  lemma  f  .6  that 

=  0  ;md  hence  the  matrices'-  r(T  and  r'"(T  ‘  ( f, '  ) )  ^  ‘  are 

£!(  r  '  j .  As-  ir:  lemma  Q.2  one  can  show  that  (T  ^  =  :)  for  r  -  0 

0  On 

Therefore  also  the  matrix  r(*F  *(r,' )  ^  ir  analytic  in  fi(  4^) . 

now  prove  the  second  part  of  the  lemma.  As  in  lemma  9 .2  if  may  he 

_  I 

trie.*  matrix  re. '  X  *'*.’)  ir  ana i .v t : c  in  We  shal  i  apply  now  ar<*u- 

iiy  are  i  :i.  pur*.  ( >  of  lemma  b,i.  bet  ur  fix  r.  d  iff'-renl  from  ttw 

•f  if,., (  r, *  ;  +  rp,  (  x  ’  )  for  aJ  J  r'€.Q(r,'j)  and  represent  1  !r •  vector 


•v .  .  -v  ,  ,  , 

of  Ker  P(£)  =  V  v£),  we  obtain  as  m  lemma  f . c-  that 


=  7.  (p'  in  (o' J  +  x!  1  'it,'  )  u  *"  ‘  { r.\) , 

i  ’  ■  ■■>  •»  -»  0 


tP,  >  » " 


'e  .( ’  1 


-  r  ‘ '  <r  ;  r.  re.’va  :  n  i  htr, 


ILl.i-  th 

at  tic 

V  1  ’  o 

mi' 

jec^' 

by  co;r.t  let 

inr, 

uo(  r'0 

Tln-n 

for  t’  =  ( 

f/  ,•/. 

’  ,r)€ 

>P  '  •  ,  f, 


fa<p-  1  ’  !  , 


1 T-S 


'.N  -re  A<p(c'  )  is  analytic  in  n(c')  and  for  z'  =  0,  Aip(  (, '  )€Ker  HO*  Sine*-  t  he 

i  urnR.?  of  (  Xq(  C  '  )  »xf.^  ^  (  C  '  )  ^  (  C  '  )  )  form  for  z  '  =  0  a  basis  of  Ker  HO,  there 

a  vector  function  Au(a')  analytic:  in  JJ(Cq)  such  that 

('.>)  I  I  )  /  1  i 

Au  '(a')  =  0  and  AipU  '  )  -  X  'U')Au  'U')  =  z'aHa')  , 

Ai p(r.')  is  analytic  in  fj(A').  Then  the  function  Au(s')  =  X  3  (  A  '  )  (  rz '  Af  (  r,  '  ) ) 

r\ 

analytic  in  £2(5'),  and  defining  u(r/)  =  u(r,(!)')+  rAu(A')  +Au(a')  we  have 

-  X(c’  )uU'  )•  Introducing  v(c')  =  (OH')  +  kB-^  ( A ' ) )u( A '  )  we  pet  from 

i  - . r  i  >  that 


X(  A’ }  v<  c  ’ )  =  Ii(k  ,c)X{  a’  )u(A  ’)  =  f  ( >:  ,r  )tpr  ( <  )  =  H  r‘  ?.  ’  I 


!•  =  'L  (  A  1  )  u(  r  V.  ’  )  and  ;u:u:<  the  matrix  T  3  ( r/ )  =  r‘V?  1  (  r.  * )  is  final  .v- 


jitacn  that  v(f,')rim  T  1  ( A '  )  for  rz'  i-  0  and  theref¬ 


ore  a ! . 


v'  A,’.  }€!:r.  'i  1  { 


( i  ' 

tins  only  to  show  that  the  Last  component  of  v '  1  (Z\)  1:  non-v.er- ..  Accord- 

-  _ ,  00 

part  a)  of  this  lemma  all  rows  of  T  ( r„\)  except,  (T  an<i 

;  and,  because  if  tic-  1. 1  •  •••k 


1  !'■). 

'  vanish.  Therefore  v,  .  U, '  )=  v  '(A'- 

r  s  0 


'  *() 


•ix  it,  ( r/ }  +  *!',<£’•»  't!/'  UA)  =  u" 


r  t  i 


, .  it. "!•«-' lor<- 


t  ,  =  X  s  f  '  )  u 


!•'!  0' 

'(A'  iu  '  A 1  '•  aii’i  the  uni  luenerr  of  rrpr'-rentat  I .  -1. 

1 


:mi  1  :••••  that  >i(  r*  }  =  u(a’’,  a.v;  h--rs'"  the  last  coif.pof.en!  •  f  u  ( A ! 

*  ‘  '  '  '  •  (X'  ‘ 


,(  i 


a ■( 


(A')  -  (  !-r.'r  '(A’))n  '  '  i  A '  )  1. 

')  ()  *»J  ') 


•r-:.  Th-r.  th'-  last.  -:orr.p»r.ent  ■  f 
•re  and  th-  lemma  is.  |  roved. 

:■  •ird'-r  t.  ;r.v--  the.  r-'im  A.l-A.i  .  •  -  a :  !  y  in  a  re  i  rhi  ourh'iod  H  A'  !  <  ■;'  a 


1  *  ne  n>-x t  s. nhs < ■  ■  t ; or. 


f-  I  ; 


ms  r  x  X  '  A’  ,X,  (  A’  i  ,X  '  A  ’  i  are 

1  j  ’  1  '  ’  -m  I  ' 


•  11  inmwwi»i 
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Since  all  the  n+m-1  columns  of  the  matrix  ( XAz, ' )  ,X_(  r, ' )  ,X^  ^  ^  ' ) )  belong 

U  1  00 

for  r  -  0  to  the  n+m-1  dimensional  space  Ker  B  +  F^(-1)C  ,  they  also  form  a 
basis  of  this  space  if  <;  ’  is  close  enough  to  5^.  Therefore  representation  (9.2U) 
is  still  valid  for  the  points  9 '  =  ( £, '  ,z  '  ,0)631(9^) . 

In  the  case  n  =  3  it  may  be  shown  that  assumption  9-3  is  fulfilled.  We  can 
ai  o  prove  lemmas  9* 3-9. 5  without  using  assumption  9.2.  Then  only  part  a)  of 
lemma  9-3  should  be  reformulated  so  that  the  columns  of  X  (t')  span  the  space 
In.  ^  .  ( t;  ’  )  for  any  ’  CQ  (  ^  ^ )  and  are  independent  for  r  f  0.  Thus,  assumptions 
i.l-9- 3  are  connected  with  the  boundary  value  problem  and  its  stability  and  not 
with  the  block  structure  of  the  k -matrix  ). 

i.  -,.  Proof  of  theorems  9. 1-9 . 3  in  the  neighbourhood  Q(Cq). 

We  consider  first  the  case  j-  J.  The  operator  P  in  estimate  (6.9)  is  de- 

''ir.ed  as  F  =  B  =  diarfP.B  , .  .  .  ,B) .  Theorem  5.3  is  formulated  now  in  the  following 

form 

,  1 1 : '  r'  ic  !  ency  :  if  ( UKC  )  is.  sat  is  fie  i  ;n  and  dir.  S(n  ,1 )  Ker  B  =  1,  estimate 

holds  in  n(r,’)  with  |  z  |  =  1. 

P  ty  :  If  estimate  (6.9)  hold.,  in  ii(  i, ' )  with  |  )  =  1+a^Ax,  where 
t  ;  ,  and  8(n,l)  X  <’  )  *  •')  ,  t  hen  (UKC)  is  satisfied  in  SU 1,'  )  and 
i  m  i‘(  n  ,  L  )Ker  ••  -  1. 

Theorem  C.y  is,  replaced  by  the  stronger  theorem  9.3  and  theorem  S.i  i 
i  a*  ••(]  local  ly  as  in  .;ur  seet ;  m  8.  1.  /...-plying  to  equation  C[.Uh)  the 

,."si{  •ranst’ormat  i  or.  v(x)  =  X  *  ( 9 '  )ui x  )  ,  <i(x)  =  T  L{r,'  )F(x)  we  arrive  at.  equa- 
•  ,  (7.  ith)  where  boundary  n -nrl  i  1,  i  on  '7  .US )  (0)  should  be  written  in  the  form 

Ti.e  diagonal  t  i..eks  f  •  !.<•  symmet  r  i  z<-r  R(  r,  * }  are  defined  as  in  subsec- 
.  s  .  J .  dame] y , 

B  =  -■!•:,  B  u.’  }  =  hAl  )QHK‘:)‘.r.'  )  =  '  r  I  )®  ! 

(  i  7  rr>  '*.>  '*■ 


TiBimfiiinrr — I— i 


1 


R.(c')  =  -cT  when  Re  c!  >  0  and  R.(r, ')  =  1  when  Re  k  '  <  0,  i 
J  J  J  J 

f  i  nc  e 

Re  R.U')M'.U')  s  -61  and  ]A  ( r. '  )  =  -1+rM!  ( c, '  ) , 

J  J  J  J 

:t  follows  that 

M*(  C  ’  )R  .  (r  '  )M  .  (r, '  )  -  R.(r/)  5:  6  r  1 
J  J  J  J 


for  sufficiently  small  r  >  0.  Then  the  symmetrizerc  R  (C')  and  R^it1)  satisfy 

for  any  (£')  the  conditions 

K  U 


('>-33)  M*(  5  *  )Rp(c  ’  >Mf(  C  ’ )  -  R  y(C)  i  Sr  1,  Rj  C '  )-M*  (  C '  )Rj  t  >  )Mj  r, '  )  >  6r  1 


•J'M  R^U'  )vF15-c|v.fp  +|vT7  |‘  ,  v*Rn(r/ )vni-cr|  vj \v£RtoU  '  )vo/;r 


n 


oo  ‘  o 


'0'  ’“co 


Applying  to  equations  (7 . ts ) ( A) , ( R )  the  generalized  energy  method  as  in  suite 
•son  7.2  we  arrive  at  an  estimate 


6r  II  v  II 


VI!(0) 


+  1  v  '  ‘  '  (  0  '  | '  +r  |  v  '  ‘  (  0  )  | '  —  c  (  |  v  ,  I  f  !  | '  +  r  j  • 


1  Ki|H  if,' 


;  il  ‘  /  r 


,.t 


n  '  1 

us  note  that  flu  (  -  j  X(  r. ' )  v [[  ‘  r 

r~ 1  [  r. ' } )  ,  r(T_1(  r. '  ) )[  1  1  ,  1  T~  'if-'  ;■ 
r/d,  an  estimate 

|i  R1.  r, 1  )  • ;  tt*  : 


•  he  norm  of  the  lilt  !'  i  ■. 


(  r  ’  1  ) 


'  onnileil 


.  out  sect  ion  B.  1  ore-  :an 
it  to  the  condition  dot 

:  y  srr.a  11).  'Vi.'  •  ;.-r-'  .of  i  s 


1  (  v 


.at  in  u<  '  the  rondi'  ion  ( ‘  <K' ' 
' tV;  ■  J  i vi  i-d  id; 


•  matrix 


:•  I 


[rir 


ni  ; 


r 


18.1  - 


on  blocks  MU')  and  M  U')  with  eigenvalues  belongli.ff.  for  r  >  0  to  ’he  -J..- 
maina  |  <  |  <1  and  |k|  >1  respectively.  We  use  also  the  fact  ( bu:  e-i  or 
assumption  9-1)  that  the  columns  of  ;  X  .( ,  X  (  1 1  '  )  are  independent. 

Consider  the  boundary  condition  (8.  Si'.  If  ( UKC )  is  fulfilled,  we 
an  estimate 

;U.l6)  |v0(0)|?  +  |v  (0)|‘'  i  K(  lvri(0)|‘  +  lvw(0)!‘  +  M‘  )  . 


If  additionally  dim  S(?Q)  Her  B  =  1  ,  we  get  as  in  subsection  8.3  the  *u:t  iraale 
'8.r;8)  and  rewrite  it  here: 


( •) .  rr 


|vT(0)|?  + 


r|vn(0)p'  .<  K  (  |  v  r  .  (  0 )  | "  +  | 


vi2)(0)|? 


+  r  v 


(1) 


Choosing  then  the  constant  c  in  ('•».  3*« )  sufficiently  small  we  obtain  from 
and  (9-37 )  an  estimate 

's.VD  rlluil2  +  (  I  Vp^  ( 0 )  1  ^  +  |  ( 0  J  |  ‘  +  r  I v  f )  ( 0  ■  \r  +  Hvi1  }(Q).r  )Lx 


(  i 


+  If  |'  Axj  • 


Assuming  that  Vq(0)  and  v  j  ( 0 )  are  linear  functions  of  p,  v^(!>)  uni  vw<  •  •  ’ 
i  y  equation  (8.5l) »  we  may  consider  also  the  vector  But1!)  =  B>H  1  '  )v!  1  :  a. 

.  i  near  function  of  g,  v  (0)  and  v  {’>)  with  coefficients  ar.ai;."  i  .n  a'f.'y. 
lair,  that  there  is.  an  estimate 


|Bu(0)j'  ;  K  !  j  g  | '  +  |  v '  ‘  1 1  -  1  |  *  +  |rd‘;(iJ]|'  +  | 


I  ! 


( 


if  s  -  -  v(‘,)(  •=  •.  Then 


a  I  .  hf "<i\ 


. “nou^h  to  show  Umt.  iti  • 

{  1  j  .  v  . 

•J.  I  fiHt  ion  of  the  c l> i  urn jj . «.f  ’  ■  ,  Xr. .  !  r. 1  )  , X  '  '(</}>  an.i,  :i  rd  ;  r.^  -  (  '  •  <-  14  •  - 


nan  ;  ori 


i  iiritfilumti:  ■— 10TI  1 1 1 


r.M.y  he  written  as.  a  1  irs-as 


u(0)  =  X0U')v0  + 


)  w 


x  i  ! :  r. 


.'i’r.'e  ^(4  )u(0)  =  g  =  0,  we  obtain  that 

?UOX,  U’ )w,  =  '(X.fC'w,  +  X^U’N^)  . 

0  ]  i  u  C  0  °°  c« 

her  r  =  0  the  columns  of  X„(f,')  =  X,.(r,  )  and  X*'  ^  (  f  '  )  -  X ^(r,,)  belong  to  t:.<* 

\J  Ij  'J  00  cc  ,) 

space  Ker  B  and  according  to  condition  o.I  the  right  hand  side  of  the  last  equal  - 
■  t.  y  is  proportional  to  the  vector  S(  r  „ )  X  ( c,  ’  ) .  Since  det  S(  r  )  ( X  ( C, ' )  ,X  ( t. '  )  )^0, 

U  U  0^  ' )  ^  1 

it  follows  that  Wj  =  0.  Hence  the  vector  u(o)  belongs  to  Ker  R  and  Ru(0)  =  0. 
Using  (9.38)  and  (9-39)  we  obtain  the  estimate 


|'£u(0)|2Ax  j  K(  j  g 1 2 Ax  +  |v(;?,(0)  l‘  Ax  +  11  F  ll" /r‘  )  . 


( 2 ) 

T:,e  value  of  ' '  ( 0 )  is  given  by 

m-i 


1,9.40) 


(2) 


(0)  =  l  (M(<?,(C'  )  )V(T  1  (  C  )  )U  ;F(x  ) 

*-  OO  r,  \) 


v=0 


luce  the  norm  of  (T  *(£' ) )^  ^  is  bounded  by  K/r,  the  norm  | v'J  ^ ( 0 ) j  ‘  Ax 
2  2 

-i  by  Kilf'll  /r  ,  and  we  arrive  at  an  e.'.t.imate 


1 1.  ;;  rui  - 


|Bu(0)|‘'ax  f  K(  |  c  |  “Ax  +  llKlI'/r2)  . 

'..ng  the  last  estimate  anti  (9.38)  mu .  *  i ;  1  i  >-d  by  r,  we  obtain 

'.9])  r^juj)  +  )  Bu(  0  !  j '  Ax  r  K(  I  g  |  ‘  Ax  +  liFlf'/r*  i  . 

r‘  i  1 7.-1  |  i  1 7.  |  - 1 ,  the  last  erf  .'mate  i  r  even  stronger  1  ban  {<■.  < 1  1' 

|  =  1.  Thus  we  have  proved  tin  if  f  i  <•  1  easy  pari,  of  1  heorem  '.3. 

"lew  ar.i'ime  that  only  ( i .  f  u  i  f !  :  : »  ).  Tire.  { o'  ,  and  (o.y  ;  imj  ly 

■  ■  .tuff  ic  ient.ly  small  that 


(9.12) 
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II2  +  |u(0)|2Ax  5  K(  |  v  ^  1  '  (  0)  i  2Ax  +  |p|2Ax  +  IlF  il2/r  S ) 


The  value  of  v  (0)  is  given  by 


(9.^*3) 


r(1)(  0)  =  [  (M(i)(;'))V(T"1(r/  ))U)F(x] 


co  V 


and  satisfies  an  inequality 


(  9  -  Mi)  !  v^1 }  (  0 )  I  2  :  K  l  iF(xvM2/r1'  =  K|Fb|?/rU  ■ 


L.'Lnce  r"  >  |zj-l,  we  get  from  (0.12;  and  (o.U, ) 


(9.1*5) 


(Ul-D.luli-  *  i'/t-t-,  IrlV)  ■ 


-i 


Then  for  J  z  ]  >  I  zq  I  =  1  +  a^Ax  with  otri  ^  0  we  have 


r  >  | z | -1  >  |z^l  -  ]  -  a^Ax  and  hence  Ax • r  v  1  a  . 

"hero fore  estimate  (9.1*5)  is  stronger  that:  (e.8)  v ; t i.  as  a  rove. 

V  J 

Let  us  now  prove  the  necessity  part  of  theorem  5.3.  Suppose  *  Pat  ( !JKC ) 

is  not  satisfied  in  £}  (r  C  and  therefore  there  exists,  a  non-zero  vector 

o 

i  v  j(n)  ,Vj.(0) )  ’  such  that, 

^(r.0)C.X>>(c’>ivi ;0)  +  X  (r.^)v  (0))  =  O  . 

■efining  with  the  aid  of  v  (0) ,  v  r  ( .  0  a  homogeneous  sol  ut.  i  t.>n  of  the  oip.mt  ion 
'■'.ltd)  (A),  (B),  we  get  from  wit./,  ;  =  '•  an  estimate 


I "( X,  ((  C  )v 


+  >: .  (  V  )  v  I'  s  K  |r 

I  l 


-  lb1! 


where  g  =  gU')  =  )  (XQU  '  )  vQ(  0  )  +  ’  )  v^  {  0}  ) ,  so  that  g(Cg)  =  0. 

fince  B  Xp(c^)  =  0  and,  as  it  follows  from  assumption  9-1,  the  columns  of 
X .  are  independent  of  Ker  B,  we  conclude  that  v^.(0)  =  0  and  lienee 

Xj(tg)vy(0)  =  v>.  It  was  assumed,  however,  that  )X(1Uq)  4  0.  Therefore 

•/,('.')  =  0  and  (UKC)  is  proved. 


The  proof  of  condition  5-1  repeats  almost 
b.T  for  the  ease  5*  0.  We  indicate  only  the 
v(i),f,')  is  defined  as  r^v(O)  instead  of  rv(0) 

(rT  ')),,,  and  (rT  are  analytic, 

r  JL  v' 

A  (p) 

v  ( 0,C ’ ) ,v^  ( 0,C ’ )  =  0(r).  Suppose  that  v 

'X/  s  ,  ‘P 

'"hen  Bu(0)  =  BX( Q  '  ;v( 0 ,c  1  )/r  ,  and  instead  of 


exactly  the  one  used  in  subsection 
differences.  The  vector  function 
and  =  r2T_1 ( £ ’  ) .  Since 

we  obtain  as  before  that 

(0,C(’)  in  (8.63)  is  non-zero, 
the  estimate  jXu(O) |  5  5/r  we 


get 

!hnu)i  =  1  BXx(c  ’  )V](0,(;'  )/r?+  0  { 1  /  r )  |  >  6/ /  . 

i  'ssii  the  estimate 


i  e S  that. 


I  rut 


(  :  T.  r 


t 


x 


•‘or  any  I?.!  :>  I z  .1  =  Ha  Ax  and  ar.v  Ax  ..  l  et  us  define  L  ~  n-rC!  and 
?  f  '■>  '  ’  n 

•  -  l+r‘  z^.  If  r  and  ax  tend  ti*  ■'  is.  such  a  way  that  r'  He  d  Ax ,  we 

.-htain  that  [z|  -  j |  =  ••)(  r‘  1  and  r  i '  I  z  |  -  !  |  )  =  0(  r‘  )  ►  0.  Hence 

Cq)  =  0  and,  as  in  subsection  H.  1,  it.  follows  that  dim  £(  C(,)Ker  H  = 

case  Re  z^  =  is  considered  exactly  as  in  s.ubsect  i  on  8.  ?. 


I,et  us  now  eons  Ld*‘r  the  case  . 

i . . >u 1  ■  1  be  defined  as  hit1)  =  ! (f),  where 
sufficiency  part  of  theorem  b .  -i  are  for. mu 
!.  I  way.  The  irouT.;,  part  of 


The  operator  i  in  estimate 
f,  =  n  -f.'r.  Theorem.  1  , 
hated  locally  in  St(  t,/,)  it. 

as  follows: 


( °) 

.  s  and 
a  natur- 


tht-  >rem 


i’ormul  at  >  -d 


-  i3'; 


If  estimate  (6.9)  holds  in  'H(c,D  with  |  z  I  =  l+a.-.Ax,  where  a„  >  0, 

U  J  w  '  ■> 

M  %  /  J_  j 

and  the  columns  of  the  matrix  i)(ii  ,1  )(  X.J  ,  X'  ( t '  )  )  are  independent,  then 

d  u  ^  i  o 

( UKC )  ir.  satisfied  ir.  .9(  r, '  )  ,  d  i  m  r(ir,i  )  Per  V  =  1  and  o  nil:  ;  i  old:-  far  any 

re  a;  £  =  it-  4  1  r  for  which  . '  =  (£'  ,r,  '  j  . 

Defining  the  symmetr izer  R(t’)  as  in  the  case  /  0  we  arrive  a:;  before 

at  the  estimate  (9.35).  Now  the  norms  of  the  matrices  r(  T  1  ( C  '  ) )  ^ »  r(T 
(t'"  ( £ 1  ) )_.  and  (T  (c1))^  are  bounded  by  K/  |  rz  *  I  and 

r  .1  00 


HR  (  c  ’  )0  f  ?  K  !L"  li£/  I  rz  '  |  . 


As  in  the  case  zl(  5*  0  one  can  show  that  (UKC)  in  is  equivalent  to  the 

condition  det  SUQ)(X  U^),  X  (;,()'  f  Therefore  if  (if KC)  is  fulfilled,  we  get 
as  before  the  estimate  (9.36).  If  additionally  condition  5.1  is  satisfied 
wo  get  the  estimate  ( (<.  37 )  •  '."hen  f j  ro  c-st  ims't  <■>  (9.  holds  w  *  *  h  expression 

i  "  if  /r"^  replaced  by  ||i'’ii'  /(  | z ’  | '  :•  ;.  '’here fore 

?  ..  /  :  r  1 '  axA 

,lui  1  Vb  J  + 


an.i  ...  z 


- .  -'it: 


-1  s  |  z— 1 1  =  |z'r‘  1  and 

iuT  .-  4- 


ohtalr.  finally 


*g  ”/ix\ 

*  tfhr) 


i  .•*.  estimate  (6-7)  with  |Z  !  =  i.  'Thus  theorem  6.:’  is  pro-vai. 

Now  assume  that  only  (MKC)  is  fu  1  t'i  ! ■- -i .  Then  in  '-si  imate  ( .  •'»:  !  oir 

snsuld  replace  |F|'7r';  by  |Fj*  /(  l;-.'  !''r  )  atul  in  }  jF,  l‘  ,  r  b.v 

,  ■  H  .  ‘ 

|  ,/(|z'|  r  ).  Then  estimate  .  o .  i,x  )  stiil  valid  and  >  • .  •  t  i  n:  at  <•  1  .  “  >  v 

,  s  '  =  i-fo^Ax  >  1  follows  us  i  n  *:s-  .•  u.a  s'  * 

ihapp  me  now  that  i  n  f 1  '  V"  ; 

!  <>,» .  v/o  may  consider  the  vector  v  ,  v.  '  '  s. 


at 


as.  a.  i  i  near  ■  i:’s  ■ 


p.' 


of  g,  Vjj(O)  and  vo(0)  with  coefficient;;  analytic  in  o(rM.  r’hen  the  follt 
estimate  holds 


(9.1*7) 


rz'v0(0)|2  +  jz  'vj1 ' (0)| "  +  jv^(0) 


S  K(|rz,vf1)(0)|?  +  Iz’v^fO)!2  +  |vj2)(0)l2  +  Iv^fO)!1 


+  C 


In  order  to  prove  (9- 1*7)  it  is  enough  to  show  that 


;  9.U8) 


Vj(0)  =  0  if  r  =  v  (0)  =  v 


l  O  i 

'  =  o )  =  g  =  o 


and 

(9.1*9) 


v[2)(0)  =0  if  z'  =  v, , 


=  vi"j(o)  =  g  = 


'lien  indeed 


arid 


( 1 )  i  ? ''  i  1  i 

vi.  ( 0 )  =  0U, v,  ( ; '  '■  ,v  '  •’  (O',  rv 

j  :  1  w  03 


v  j  ^  }  (  0 )  =  0(g,v;2)(0),v^^(0),  rr.’v^c) 


and  estimate  (9-1*7)  follows.  The  result  '  r:  (9-hd)  follows  from  estimate  (<t.  r 
Suppose  now  that  the  conditions  in  (9.1.0)  are  fulfilled.  Then 


>(  c)u(o)  =  s(c)[x  U'  )v  (o)  +  x't'uMvj,'  (o)  +  1 '( c  )vl 

n  l  i  ]•  ]  J-  ]  on.  '* 


1  ) 


+  rvU;>::'  (C)<:  . 


o 
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According  to  parts  b)  of  lemmas  9-1  and  9-3,  the  columns  of 

(Xq(c  '  )ixi^(c  '  ),X^(C  ' ))  belong  to  the  space  Ker  P(£).  Condition  (5*2) 

and  (UKC)  imply  that  the  (n+l)/2  columns  of  the  matrix  SU  )  (Xq(£  * ) ,  X^.1  ^  ( C  * ) ) 

•v  'V 

form  a  basis  of  the  space  S(c)(Ker  P(£) ).  Therefore  the  vector  S(c)u(0)  may  be 
represented  as  a  linear  combination 


fc(c)u{0)  =  S(£|)X0(5,)w0  +  +  SU)x[2)U')Vj2)(0)  =  0  , 

where  wQ  is  a  scalar  and  w^j.1^  is  a  (n-l)/2  dimensional  column  vector. 

Then  (UKC)  implies  that  wQ  =  w^1^  =  vj2^(0)  =  0  and  estimate  (9.^7)  is  proved. 

Also  the  vector  ^(C)u(O)  may  be  considered  as  a  linear  function  of 
g,  vi;[.(0)  and  v^Co).  We  shall  show  that 

(9-50)  |^(5)u(0)|2$K(|g|2+|vfi2)(0)|2+|rvJ2)(0)|2+|rz’v^)(0)|2+|rz'vf)l)(0)|2)  . 

(2) 

Indeed,  if  g  =  vv  7(0)  =  0  and  r  =  0,  we  get  as  in  the  case  z'  ^  0  that 

oo  U 

^u(O)  =  0.  But  for  r  =  0,  Ker  $(£)  =  Ker  ^(ir)  3  Ker  B  and  hence  P(£)u(0)  =  0. 
Suppose  now  that  the  conditions  in  (9*^9)  are  fulfilled.  Then,  according  to 
(9-U7),  vj2)(0)  =  0  and 

u(0)  =  X0(c')v0(0)  +  4l)(C,)yFl)(0)  +  ^l)(C,)v^l)(0)eKer  ?*( C ) . 


Let  us  return  to  equations  (7.45)  (A),  (B)  and  introduce  grid  functions 
v(x)  and  G(x)  whose  components  are  partitioned  according  to  v(x)  and  G(x) 


and  given  by: 


,  '(1)  ,  (1)  '(1)  ,  (1)  "(2)  (2)  "(2)  (2) 
v0  =  rZ  V  V»  =  rz  X  *  VF1  “  z  VF1  ’  VF1  =  VF1  ’  V«  =vi 


.88  - 


and  G(x)  is  expressed  in  terms  of  G(x)  in  the  same  way.  The  matrices  MjCf;')  in 
(9.31)  should  be  replaced  by 


M'  / z'  M*  i 

|j21/z  .J22  I 

According  to  part  d)  of  lemma  9.3,  the  matrix  is  analytic  in  n(r,^). 

Let  us  denote  =  -I+rM^  ,  Mp  =  diag(MQ,M^, . . . jM^) .  Then  equations  ( T  •  ^*5 )  (A), 
(B)  become 

(A)  (E^MpU'  ))vp(x)  =  Gp(X; 

(9- 51) 

(B)  (I-H„(c’)Ex)vm(x)  =  Gjx)  . 

Let  us  note  that  the  matrices  M^(c')  have  the  same  eigenvalues  as  M’(c').  There¬ 
fore  there  are  symmetrizers  RjU')  such  that 

Re  RJ(c,)Mj(c*)  $  -61 

and 

v*  5  lvjl2  Re  Kj  <  0  and  v*  ( C ’ ) i  -clvjl2  if  Re  >  °* 


Then  for  sufficiently  small  r  >  0  we  obtain 


-  RjU')  *  6rl  . 

Defining 

R0U')  -  -cl,  R „(?')  =  I,  Rp(?')  =  diag(R0(c,),R1(C,),...,Rt(c')) 

we  obtain  for  ^  *  €  £1-^  ( C  q  )  the  estimates  (9*33)  with  Mp  replaced  by  Mp  and  instead 
of  (9.3^)  we  have 
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v*RpU')vF  i  -c(  |vT  j2+|v0(2)  + 


Applying  to  equations  (9.51)  (A),  (B)  the  generalized  energy  method  with  the 
symmetrizers  R^!;')  and  R^c')  we  arrive  at  estimate  (8.6?).  It  follows  from 
definition  of  G(x)  and  the  estimates  concerning  the  rows  of  T  1 ( C * )  that 

*  p  p  p 

IIGII  s  K II F  II  /r  .  Estimate  ( 9 -U7 )  may  be  written  in  a  form 


(9.52) 


|v0(°)|2  +  jv^O)  j2  *  K(|vn(0)|2  +  |voo(0)|2) 


Then  choosing  the  constant  c  in  (8.67)  small  enough  and  substituting  (9.52)  in 

(8.67)  we  conclude  that  p 

■  *  fnU2  „/«Fir  .  .  .2  \ 

|  V’II  ( 0 )  |  AX  *  +  |  g  |  AX  J  . 

Then  estimate  (9-50)  implies  that 


|2(c)u(0)|2ax  *  Kp^  +  |g)2AX  +  (|v^2)(0)j2+  Jrz'v^l)(0)|2)AxJ  . 


From  (9-1+0)  and  (9-*+3)  one  derives  that  |v^(0)|2ax  and  I rz ' v^ 1  \  0) |2ax  are 

'  co  '  1  00 


2  2 

bounded  by  Ky Fn  /r  .  Therefore 


|?<(C)u(0)|2ax  <  +  jg|2Ax)  *  ♦  |g|2AX^ 

Using  the  last  estimate  together  with  (9*^6)  we  obtain  finally 


2 

(|Z|-1)||U|2  +  |^(^)u(0)  |2ax  <  K^~31  +  |g|2AX^  . 


Thus  we  have  proved  estimate  (6.9)  with  |z0|  =  1. 

It  remains  only  to  prove  the  necessity  part  of  theorem  5-3.  First  let  us 
show  that  (UKC)  is  satisfied.  We  proceed  as  in  subsection  8.3  in  the  case  z^  =  0 
Supposing  that  there  exists  a  non-zero  vector  ( v^( 0) ,v^ ( 0 ) ) '  such  that 
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3U)(X0U’)v0(0)  +  XjU'V^O))  =  g(c')  and  g(^)  =  0 

we  arrive  at  estimate  (8.68)  which  implies  that 

|P(C)XU’)v(0)|  $  K|gU’)|2  , 

where  v^Co)  =  v^O)  =  °*  Since  $(it)X^(Cq)  =  0  and,  according  to  assump- 
tion  9-3  the  columns  of  xj2'^)  are  independent  of  KerP(ir),  it  follows  that 

vj2)(0)  =  0.  Therefore  3UQ) (XQ( i^)v0(0)  +  X^ c£)v^ (0) )  =  0.  However,  we 

have  assumed  that  the  columns  of  £.) (X„(  Ci)  »X^£l) )  are  independent.  Hence 
vQ(0)  =  Vj  '(0)  =  0  and  (UKC)  follows.  Conditions  5.1  and  5.2  are  proved  in  the 
same  way  as  in  subsection  8.3.  The  only  difference  is  that  estimate  (8.69)  holds 


now  for  all  the  components  of  v^. 
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10.  Discussion. 

In  Part  II  we  have  investigated  a  specific  difference  approximation  applied 
to  a  very  restricted  class  of  mixed  initial -"boundary  value  problems  with  charac¬ 
teristic  boundary,  while  in  Part  I  for  the  differential  case  a  much  wider  class 
of  problems  was  resolved.  The  question  arises:  how  may  this  investigation  be  gen¬ 
eralized? 

First  let  us  describe  the  main  obstacles  which  one  encounters  in  the  analysis 
of  a  multidimensional  difference  approximation  in  the  non-characteristic  case. 

We  suppose  that  the  x-matrix  L(x,£,z)  associated  with  the  difference  scheme  is 
regular  for  any  complex  z,  |z|  i  l,and  real  0  S  £  £  2ir  and  has  no  infinite 
eigenvalues.  Since  the  work  of  Gustafsson,  Kreiss  at  al  [3]  appeared,  there  seems 
to  be  a  general  acceptance  of  the  idea  that  the  stability  theory  for  the  multi¬ 
dimensional  case  possesses  no  difficulties,  which  are  not  encountered  in  the  one¬ 
dimensional  case.  Let  us  analyse  carefully  the  theory  in  [3].  There  are  two  main 
problems  resolved:  the  first  is  the  block  or  normal  form  of  thenatrix  M(z)  proved 
in  their  Theorems  9-1  and  9-3,  and  the  second  consists  of  the  construction  of  a 
symmetrizer  in  Lemma  13.1  for  a  perturbed  Jordan  cell  in  strictly  non-dissipat- 
ive  case.  The  matrix  M(z)  is  obtained  from  L(x,z)  by  linearization  L(x,z)  = 

Aq(z)  +  xA-^z)  and  then  M(z)  =  (A^z))  A0(z).  Suppose  that  | zQ [  =1  and  there 
are  eigenvalues  of  L(x,zq)  with  |x|  =  1.  Theorem  9-1  claims  that  under  Assump¬ 
tions  5-2  and  5-3  there  exists  an  analytic  transformation  T(z)  such  that 
T(z)M(z)T-1(z)  has  the  block  form  diag(M^,M2 , . . . ,M^ )  in  (9-2)  with  the  matrices 

M  (z)  as  in  (9-3)— (9-5)-  If  we  recall,  for  example,  the  matrix  L(x,£,z)  corres- 
J 

ponding  to  the  Burstein  difference  scheme,  then  for  £  =  v  this  matrix  is  diag- 
onalizable  and  thus  satisfies  Assumption  5-3-  However,  when  £  is  perturbed, 
the  matrix  L(x,£,z)  ceases  to  be  diagonalizable  and  therefore  the  block  form  in 
Theorem  9-1  may  not  be  maintained.  Next,  Theorem  9-3  claims  that  if  Mj(zq)=XjI, 

where  |zQ(  =  |xj|  =  1,  and  f|(Mj ( z )— ktI )—1f|  S  Kjz|/(|z|-l)  for  any  |z|  >  1  and 

| k |  =  1,  then  there  is  a  transformation  T^(z)  analytic  in  a  neighbourhood  of 


z  =  such  that 

T~1(z)Mj(z)Tj(z)  =  diag(Lj(z),Nj(z)) 

with 

|  z|  (Lj(z)Lj(z)-l)  *  -6(  |  z|  -1  )I  ,  |  z  |  (N*(  z  )Nj  ( z  )-l )  5  6(|z|-l)l. 

This  theorem  is  entirely  "one  parametric",  i.e.  if  Mj  depends  on  more  parameters, 
say  z  and  £,  then  the  theorem  does  not  hold  any  more.  Actually,  in  order 
to  get  an  appropriate  block  form  for  the  matrix  M(£,z)  near  the  point  (£0,zq), 
one  should  provide  an  additional  parametrization  of  z-zQ  and  £-£q  as  we  have 
done  in  Sections  8  and  9*  However  the  success  of  such  parametrization  can  not 
be  guaranteed. 

Now  let  us  analyse  the  construction  of  the  symmetrizer  in  Lemma  13. 1. 

Because  of  the  strict  non-dissipativity ,  the  double-sided  resolvent  condition 
(13-6)  holds  and  the  existence  of  the  symmetrizer  follows  easily  by  Ralston's 
note.  However,  in  multidimensional  case  such  a  symmetrizer  should  be  constructed 
also  for  dissipative  schemes  when  the  resolvent  condition  (13.6)  is  not  valid. 

Our  theorem  8.1  in  subsection  8.2  actually  solves  this  problem. 

Suppose  that  L(k,£,z)  corresponds  to  a  dissipative  difference  scheme  (Burs- 
tein  scheme  is  not  completely  dissipative,  e.g.  at  £  =ir).  Then  the  eigenvalues 
|kj|  =1  are  possible  only  when  z  =  1,  £  =  0  and  =  1.  The  investigation  of 

the  block  structure  performed  by  us  in  subsection  8.1  may  be  applied  to  a  general 
dissipative  difference  scheme.  Thus,  together  with  our  theorem  8.1  jt  provides 
a  complete  solution  (in  the  terms  of  the  uniform  Kreiss  condition)  for  the  stabi¬ 
lity  of  a  dissipative  difference  approximation  applied  to  strictly  hyperbolic 
problems  with  non-characteristic  boundary. 

If  the  boundary  is  characteristic,  in  addition  to  the  difficulties  des¬ 
cribed  above,  one  faces  the  perturbation  problem  for  a  singular  x-matrix.  There 
is  no  general  theory  for  this  case.  However,  the  following  uniform  singularity 
condition  for  the  x-matrix  L(x,£,z)  seems  to  be  essential:  if  the  determinant 
|l(x,£,z)|  =  0  for  some  £Q  and  zQ,  then  there  is  some  analytic  line  z  =  f'(£), 
0  <  £  s  2tt,  with  z0  =  T(£q)  such  that  the  determinant  vanishes  identically 
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along  this  line.  For  example,  the  Friedrichs  type  schemes  or  the  original  Lax- 
Wendroff  scheme  do  not  satisfy  this  condition  even  in  the  case  |Aa+BBj  =  0, 
and  because  of  that  the  corresponding  tc-matrices  do  not  have  an  analytic  block 
structure.  The  same  problem  arises  with  the  Burstein  difference  approximation 
in  the  case  |-0bl+Aa+BB|  =  0  where  b  =  const  /  0  -  this  is,  for  example, 
the  case  of  the  shallow  water  equations  with  matrices 


0 

c 

0 

rb 

0 

o' 

A  = 

c 

0 

0 

,  B  = 

0 

b 

c 

0 

0 

0, 

0 

c 

b 

However,  the  leap-frog  scheme  in  this  case  possesses  no  difficulties.  Although 
it  is  hard  to  develop  a  general  stability  theory  in  the  characteristic  case,  the 
methods  used  in  this  work  may  be  applied  to  any  difference  scheme  with  corres¬ 
ponding  matrix  L(tc,£,z)  being  a  polynomial  of  some  linear  combination  aA+BB  and 
satisfying  the  uniform  singularity  condition. 
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